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Abstract

In this thesis, I study the random-�eld Ising model (RFIM) in both theoretical

and applied perspectives. For theoretical interests, I comparethe avalanche be-

havior in equilibrium and non-equilibrium and �nd an unexpected universality.

The application part focuseson the reliabilit y test of the � H (M ; � M ) method-

ology, which has been used to measure microscopic properties of magnetic

recording media. Based on RFIM, an interacting random hysteron model has

beendevelopedand usedto systematically test the reliabilit y of the � H (M ; � M )

methodology.

Avalanche behavior in response to slowly changing external conditions is

ubiquitous in a remarkably wide variety of dynamical systems.When driven far

from equilibrium, thosesystemsdisplay impulsivecascadeof dynamic avalanches

spanninga broad rangeof sizes. Independent of their microscopicdetails, many

non-equilibrium systemshave been shown to have exactly the same dynamic

avalanche behavior on many scales.This fact is called universality. So far, non-

equilibrium systemswere believed to be completely di�eren t from equilibrium

ones. However, herewe show that the zero-temperature RFIM exhibits surpris-

ingly similar avalanche behavior in equilibrium and out of equilibrium. This

�nding solvesa highly controversial question, i.e. whether the equilibrium and

non-equilibrium disorder-inducedphasetransitions of RFIM belongto the same

universality class. Our �nding also indicates that generally equilibrium systems

and their non-equilibrium counterparts may have deepconnections.

In state-of-the-art storageapplications such as hard disk drives, the intrin-

sic switching �eld distribution of the media grains is one of the most crucial

properties de�ning the recording quality. However, this piece of microscopic

information is very hard to measure macroscopically, especially for the per-

pendicular recording media. Using the interacting random hysteron model, we

have studied the reliabilit y of the recently developed � H (M ; � M ) method. We

demonstrated that this method does have several advantages over comparable

methods. First, it has a well-de�ned reliabilit y range and it allows for self-

consistencychecks. Second, the presenceof dipolar interactions in the range

of typical recording media substantially enhancesthe reliabilit y of this method.

Third, it is robust even in the presenceof randomnessin exchangeor magneto-

static coupling within the range of a typical recording media.
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B.1.2 2D: rhombus unit cell and H ? x̂ , H ? ŷ . . . . . . . . . 121
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Chapter 1

In tro duction

1.1 Random �eld Ising mo del

As a protot ypical model for magnetswith quenched disorder, the random-�eld

Ising Model (RFIM) hasbeenintensively studied during the last thirt y years[8].

The RFIM is de�ned by the Hamiltonian

H = �
X

<i;j >

J si sj �
X

i

(H + hi ) si (1.1)

wherethe spinssi = � 1 sit on a D-dimensionalhypercubic lattice with periodic

boundary conditions. The spins interact ferromagnetically with their nearest

neighbors with strength J and experiencea uniform external �eld H and a local

�eld hi . To model quenched disorders, the local �elds hi are often randomly

chosenfrom a Gaussiandistribution with mean zero and variance R2:

� (h) =
1

p
2� R

e� h2 =2R 2
(1.2)

R is often called the disorder parameter or just disorder.

1.1.1 Equilibrium

In equilibrium, the existence of an ordered phase in 3D has been proved by

rigorous work [45, 10, 11]. It is generally believed that in 3D the transition

between the ordered and disordered phasesis continuous and controlled by a

stable zero-temperature �xed point [99,24]. Critical exponents of this transition

havebeennumerically studied, for example,usingMonte Carlo simulations [106,

77,74,105], real spacerenormalization group calculations [75], and ground-state

calculations [76, 40, 71]. Note that at T = 0 the phasetransition undergoneby

the ground state (GS) asthe disorder parameter, often denotedasR, is tuned to

its critical value Rc is called the disorder-inducedphasetransition (DIPT). On

the other hand, for a given disorder R (R < Rc), near the critical temperature

Tc there seemsto appear a \glassy" regime where relaxation to equilibrium

becomesvery slow, as shown in experimental work [4,35], simulations [33] and

analytical calculations [67, 66]. This is due to the quenched disorder, which

changesthe free energy landscape of the system and intro duces large energy

2



Figure 1.1: RG 
o w of RFIM in equilibrium at dimensionhigher than the lower
critical dimension dl = 2. R, H , and T represent disorder, external �eld, and
temperature, respectively. F : ferromagnetic phase. P: paramagnetic phase.

barriers with respect to thermal 
uctuations. At low temperature, someof the

barriers are solarge that the systemgetsstuck in somemetastablestates,which

leadsto extremely slow relaxation towards the equilibrium state.

1.1.2 Non-equilibrium

The zero-temperature non-equilibrium RFIM, intro duced by Sethna et al., has

proven to be a very successfulmodel in studying disorderedsystemsthat show

hysteretic and jerky behavior when driven by an external force (for reviews,

seee.g. [90, 91]). On long length scalesand practical time scales,the system

driven by an external �eld will move from one local valley in the free-energy

landscape to the next. Due to its sluggishresponse,the state of the systemwill

typically depend on its history, a phenomenoncalled hysteresis. The motion

from one local valley to the next is a collective processthat can involve many

magnetic domains whose magnetic moments are 
ipp ed in an avalanche. In

magnetic materials, as the external magnetic �eld H is changed continuously,

these avalanches of spin 
ips can be measuredas voltage pulses induced in a

pick up coil wound around the samplein a Barkhausennoiseexperiment [65,48].

With a single-spin-
ip dynamics, the non-equilibrium DIPT was �rst numeri-

cally observed in the hysteretic behavior at T = 0 and D � 3 [89]. It is found

that there is a critical point (Rc, H c) which separatesmacroscopicallysmooth

saturation hysteresisloops in the magnetization M (H ) (for R > Rc) from sat-

uration loops with a macroscopicjump or burst (for R < Rc). Here, H c is the

non-universal magnetic �eld value at which the magnetization curve has in�-

nite slope. A rich variety of universal quantities, associated with characteristic

universalscaling functions and critical exponents of this non-equilibrium DIPT,

have beenstudied analytically [17], numerically [80] and experimentally [3].

3



Figure 1.2: Schematic phase diagram of zero-temperature RFIM. (left) non-
equilibrium RFIM with single-spin-
ip dynamics; (right) equilibrium RFIM
with ground state evolution. The critical points (Rc; � H c(Rc)) are surrounded
by grey circles. The dashed lines H c(R) indicate the �rst-order phase transi-
tion. Note that in non-equilibrium, H c(R) could have nonmonotonic behavior
in �nite dimensions. In equilibrium, H c = 0 simply due to symmetry.

1.2 Univ ersalit y?

Despite these intensive studies, some theoretically and experimentally impor-

tant questionsare still not well answered. For example, it is still controversial

whether the equilibrium and non-equilibrium DIPT of the zero-temperature

RFIM belong to the same universality class. Actually , comparing the equi-

librium and non-equilibrium DIPT is very interesting. In mean �eld theory

(MFT), they have the same thermodynamic critical exponents and the same

exponent relations [86,89]. Renormalization group (RG) calculations show that

the 6 � � expansion for the non-equilibrium critical exponents maps to all or-

ders in � onto the controversial equilibrium ones: The temperature dependence

is irrelevant in the equilibrium RFIM and the time dependenceis irrelevant in

the zero-temperature non-equilibrium RFIM, leaving us with the samestarting

point for the calculation in both cases[17]. In 3D and even 4D, numerical val-

uesof the critical exponents of the two DIPTs seemto match within the error

bars [61,80,37,68], seeTable 1.1.

Recently , Vives et al. suggestedthat the two DIPTs belong to the same

universality classby conjecturing the extrapolation result of a RG type argu-

ment [78]. Meanwhile, Colaiori et al. numerically compared the equilibrium

DIPT, i.e. the DIPT of the GS, to that of the demagnetizedstate (DS), consid-

ering the DS asa non-equilibrium hysteretic counterpart of the GS often usedin

experiments and applications [16]. Here, the DS is obtained by applying an ex-

ternal oscillating �eld with slowly decreasingamplitude to the non-equilibrium

system. The systemwill then be taken through a seriesof subloopsand the line

connecting the tips of those subloops is known as the demagnetization curve.
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Table 1.1: Critical points and critical exponents for equilibrium and non-equilibrium GaussianRFIM in 3D, 4D and Mean �eld theory. The critical
point in equilibrium doesnot coincide with that corresponding to the non-equilibrium. Nevertheless,the valuesof the critical exponents of the two
models remain within each other's error bars. Note that somecritical exponents can not be extracted directly from scalingcollapses,but instead are
derived from exponent combinations using scaling laws. Here, (...) denotesvaluescalculated from the critical exponents or their combinations given
in the literatures using scaling laws. � is the correlation length exponent. � is the magnetization exponent. � is the critical isotherm exponent. 
 is
the susceptibility exponent. � is the two-point correlation function exponent.

� � � � 
 � Rc Hc(Rc)

3D

NEQ
Perkovic [80] 1:41� 0:18 0:035� 0:028 1:81� 0:32 (1:78� 0:32) (0:74� 0:28) 2:16� 0:03 1:435� 0:004

Vives[78] 1:2 � 0:1 0:024� 0:012 (1:80� 0:19) (1:78� 0:19) (0:52� 0:20) 2:21� 0:02 1:425� 0:010

EQ

Ogielski [76] 1:3 � 0:3 � 0.05 (2:05� 0:5) 2:0 � 0:5 0:5 � 0:1 2.35

0
Newman [74] 1:02� 0:06 0:06� 0:07 (1:95� 0:18) 1:89� 0:17 (0:15� 0:20) 2:3 � 0:2

Hartmann [40] 1:32� 0:07 0:50� 0:03 2:28� 0:01
Middleton [71] 1:37� 0:09 0:017� 0:005 (1:99� 0:09) (1:98� 0:09) (0:56� 0:12) 2:27� 0:004

4D
NEQ Perkovic [80] 0:89� 0:09 0:17� 0:05 (1:56� 0:29) 0:25� 0:38 4:10� 0:02 1:265� 0:007

EQ
Hartmann [37] 0:78� 0:10 0:13� 0:05 1:42� 0:20 0:18� 0:01 4:18� 0:01

0
Middleton [68] 0:82� 0:06 0:16� 0:03 4:179� 0:002

MFT 1/2 1/2 3/2 1 0
p

2=� J 0
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Colaiori et al. comparethe scalingbehavior of the magnetization M for the DS

and the GS near their respective Rc and at H c. (H c = 0 for both cases.) Do-

ing �nite-size scaling with the known thermodynamic critical exponents, they

present evidencethat the DIPT of the DS and that of the GS are in the same

universality class,in both 3D and the Bethe lattice. On the other hand, Carpen-

ter et al. found a related DIPT for the demagnetization curve, which displays

similar critical behavior as that of the saturation loop [12].

1.3 Av alanches

Even there are somany evidencesin favor of universality, the original question is

still not fully answered. We notice that someimportant critical exponents and

universal quantities of the equilibrium and non-equilibrium DIPTs have never

beencompared. Also, we notice that by comparing universal scaling functions

rather than just critical exponents, we are comparing an in�nite amount of more

information than was done previously.

Moreover, we think the whole idea of looking at avalanches is quite neat:

Not only are we directly testing more sensitive features of the problem, but we

are giving insight into why the two DIPTs could be similar: the equilibrium and

non-equilibrium systemscould havesimilar avalanchesduring the magnetization

process.

Actually , avalanche behavior in diversedynamical systemshas beenexten-

sively studied in the past decade[90, 42, 20, 100, 56, 23, 34]. In those systems,

there are often large number of metastable states, which cannot lower their en-

ergy by small rearrangement of con�gurations. When pushed by an external

driving �eld, those systemsshift from onemetastablestate to another, showing

collective behavior in the form of avalanches. A dynamic avalanche is the rear-

rangement of the systemcon�guration, which connectstwo di�eren t metastable

states. In experiments, avalanches are often associated with crackling noise

as measuredin acoustic emissionand Barkhausen noise experiments [100, 20].

A power law distribution of avalanche sizesover several decadesup to certain

cuto�s has beenobserved in many experiments ranging from magnetsto earth-

quakes[20,56,23,43]. The critical exponents associated with avalanche sizedis-

tribution are universal, i.e they will be sharedamonga large family of materials

and systems. The universality classtypically just dependson the dimensional-

it y, interaction range and symmetry, rather than the microscopicdetails of the

diversematerials [90]. This has beenwell explained by the RG method, which

is a tool to describe the way the spaceof all physical systemsmaps into itself

under coarse-graining.

A commonfeature in many of the above systemsis the competition between

interaction and disorder. With slowly changing driving �elds, the interaction

tends to promote avalancheswhile the disorder tends to stop them. When inter-

action dominates, avalanches becomeso big that they span the whole system.

6



Figure 1.3: (left) A three-dimensionalview from one side of a single avalanche
in non-equilibrium RFIM with 2003 spins at R = 2:3 (within 6% of the critical
disorder Rc). The avalanche contains 282,785spins. The time when each spin

ipp ed is shown by its color. The avalanche generally grew from left to right.
Notice that it has many branchesand holes. Also notice that on the right hand
side, there are several dark red spots poking through in the middle of the light
green area. The green area stopped growing, but other parts of the avalanche
later �lled in the holes. (right) Typical avalanche time series. Voltage pulse
during a single large avalanche (arbitrary units). Notice how the avalanche
almost stops several times.

When disorder dominates, avalanchesare tiny. In between, i.e when the inter-

action and disorder are comparable,a very broad distribution of avalanche sizes

is observed. Basedon this simple scenario,a non-equilibrium disorder-induced

phasetransition has beenextensively studied both theoretically [89,17,80] and

experimentally [3]. The key result is that there is a plain old critical point near

which a power law distribution of avalanche sizesis expected, seeFig. 1.4.

Sofar, avalanche behavior in equilibrium systems(\static" avalanches)have

rarely be studied. With a \static" avalanche we refer to a con�guration rear-

rangement connecting two neighboring di�eren t ground states at two di�eren t

external �elds. Note that at zero temperature, a ground state is the globally

stable state with the lowest energypossiblefor the systemat a certain external

�eld. It is distinguished from the metastable state, which is just a local mini-

mum in the energylandscape. The static avalanche is very di�cult to study for

a very simple reason: the disordered system cannot approach the equilibrium

or its ground state very easily. Due to the presenceof disorder and the con-

sequent diverging free energy barriers, disordered systemswill usually occupy

somehistory dependent metastablestates. Jumps over large free energybarrier

to reach more favorable state are very unlikely often even at room tempera-

ture [99, 24, 92]. This makes the general study of the equilibrium properties of

any disorderedsystemsvery hard, especially in experiments.

Up to now, equilibrium systems were believed to be completely di�eren t

from non-equilibrium onessimply becausethe underlying physicsis sodi�eren t:
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Figure 1.4: Avalanches: scaleinvariance. (left) Crosssectionof all avalanchesin
a 109-spin simulation at R = Rc. The white background is the in�nite, spanning
avalanches,which only exists for R � Rc. (right) Crosssectionof all avalanches
in a 106-spin simulation at R = Rc. Comparing (right) with (left), oneseesthat
the system is (statistically) invariant under the changein length scale.

equilibrium systemsoccupy stable states and have no history dependencewhile

non-equilibrium systemsoccupy metastable states and are history dependent.

How can they behave similarly? Here, a natural question arises: Do static

and dynamic avalancheshave the samecritical behavior? Answering this basic

questionwould bevery important for two obvious reasons:(1) Theoretically, it is

crucial to understand whether there are any possibledeepconnectionsbetween

equilibrium systemsand their non-equilibrium counterparts. More specially, we

want to know whether the dynamics is crucial in determining the universality

class of disorder-induced phase transitions [61, 88, 16]. (2) Experimentally , if

static and dynamic avalanchesdo have the samecritical behavior, then systems

out of equilibrium may be used to predict equilibrium critical behavior. This

would save us a lot of time waiting for the system relaxing to equilibrium.
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Chapter 2

Metho d

We focus on the random-�eld Ising model (RFIM) at zero-temperature, which

is a caricature of disorderedmagnetsand hasbeenvery successfulin explaining

dynamic avalanchesand crackling noiseobserved in magnets[89,17,80,3].

The zero-temperature approximation makessensein the RFIM becausether-

mal 
uctuations becomeless and less important on longer and longer length

scaleswhen scaling predictions are valid. This will simplify our studies. We

further assumethat the external �eld is adiabatically slowly changing, i.e. it

doesn't change during the propagation of an avalanche. This will avoid the

temporal overlap of multiple avalanchesand simplify our analysis further [102].

With these assumptions, a static (dynamic) avalanche connects two nearest

ground (metastable) statesin the freeenergylandscape. Both kinds of avalanches

can be clearly identi�ed in numerical calculations, as discussedbelow.

An avalanche in the RFIM refers to the 
ip of neighboring spins during

the magnetization process,corresponding to a jump in the magnetization curve

M (H ). To study the static and dynamic avalanches in the RFIM, we calculate

the zero-temperature magnetization processin equilibrium and non-equilibrium,

respectively.

Equilibrium case: The equilibrium magnetization curves are obtained by

using the e�cien t algorithm reported in Ref. [36,26]. Essentially , this algorithm

�nds stepsby narrowing down rangewherejumps in magnetization occur rather

than naively increasingthe external �eld H adiabatically slowly from �1 to 1 .

A linear interpolation scheme used by those authors is basedon the fact that

the ground state energy has a convexity property which allows for estimates

of the �elds H where the magnetization jumps [26]. To get the exact ground

state (GS) for a given disorder R at external �eld H , the RFIM GS problem

is mapped onto the min-cut/max-
o w problem in combinatorial optimization,

which can be solved via the so-calledpush-relabel algorithm [13,1]. Oncewe get

the seriesof exact ground statesalong the M -H curve, the \avalanches" are just

associated with the magnetization jumps during the ground state evolution.

Non-equilibrium case: The non-equilibrium magnetization curves (the hys-

teresis loops) are calculated using the adiabatic local metastable dynamics, i.e.

each spin 
ips deterministically when it can gain energyby doing so [89]. That
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is, it 
ips when its e�ectiv e local �eld

he�
i = J

X

j

sj + hi + H (2.1)

changes sign. This change can occur in two ways: a spin can be triggered

when one of its neighbors 
ips (by participating in an avalanche), or a spin can

be triggered becauseof an increasein the external �eld H (t) (starting a new

avalanche). Thus the domain nucleation is allowed in our model. 1 Initially ,

the external �eld is set to a very negative value, such that all the spins start

pointing down (si = � 1 for all i ). As the �eld is adiabatically slowly increased,

a spin will 
ip. Due to the nearest neighbor interaction, a 
ipp ed spin will

push a neighbor to 
ip, which in turn might push another neighbor, and so

on, thereby generating an avalanche of spin 
ips. Thanks to the ferromagnetic

nature of the couplings, the �nal state doesnot depend on the sequential order

of spin 
ips. This is the so-calledAbelian property of this dynamics. During

each avalanche, the external �eld is kept constant. In this sense,the �eld is

adiabatically slowly changing: 
 = dH=dt = 0. Three di�eren t algorithms to

simulate this dynamics are described in Ref. [51].

Shown in Fig. 2.1 are the M (H ) curves at di�eren t disorders and corre-

sponding avalanchesoccurring during the magnetization processes.For R > Rc

(seesub�gure/curv e (c) and (f )), spins tend to 
ip individually and result in

many tiny avalanches and a macroscopicallysmooth magnetization curve. For

R � Rc (seesub�gure/curv e (b) and (e)), avalanches of a large range of sizes

are observed and jumps of all sizesshow up in the magnetization curve. For

R < Rc (seesub�gure/curv e (a) and (d)), most spins tend to 
ip in a system

spanning avalanche seenas a macroscopicjump in the magnetization curve.

We have studied system sizes ranging from L 3 = 323 to 1923. All the

measured properties are averaged over a large number of realizations of the

random-�eld con�guration. Typical averagesare performed over a number of

realizations that rangesbetween104 for L = 32 and 45 for L = 192.

1Note that in the literature there is also a di�eren t dynamics discussed | the front prop-
agation dynamics, which has been used to model 
uids invading porous materials [47]. In the
invasion problem, the 
uid can push into the rock only along an invading front. So domain
nucleation is not allowed in this front propagation dynamics.
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Figure 2.1: Disorder dep enden t avalanc he behavior in RFIM. (Top)
Magnetization curves in equilibrium (blue) and non-equilibrium (red) at dif-
ferent disorders (below, near and above the critical disorder Rc). (Bottom)
The corresponding static and dynamic avalanchesoccurring during those mag-
netization processes.The calculation is done on 3D Gaussian RFIM at zero-
temperature with systemsize643. Non-equilibrium: (a) R = 2:0, (b) R = 2:224,
(c) R = 2:6. Equilibrium: (d) R = 2:25, (e) R = 2:45, (f ) R = 2:9. Note that
Rneq

c = 2:16� 0:03 and Req
c = 2:28� 0:01 for 3D GaussianRFIM [80,40].
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Chapter 3

Analytical results

Here, we show two additional similarities between the equilibrium and non-

equilibrium RFIM beyond any �nite-dimensional simulations.

3.1 MFT avalanche critical exp onents

The avalanchecritic al exponents in MFT must be the samefor the two DIPTs.

We start the proof by noticing that in non-equilibrium the hard spin MFT

magnetization curve has no hysteresisfor R � Rc [17].

The mean-�eld Hamiltonian can be written as

H = �
X

i

(J M + H + hi ) si (3.1)

Initially , H = �1 , all spins are pointing down. Then the �eld is adiabatically

slowly increasing. Each spin 
ips if its local e�ectiv e �eld he�
i = J M + H + hi

changessign. In other words, at a given �eld H , spinswith hi < � J M � H will

be pointing down and spinswith hi > � J M � H will be pointing up. Therefore,

we have

M (H ) = (� 1) �
Z � J M � H

�1
� (h)dh + (+1) �

Z + 1

� J M � H
� (h)dh

= 1 � 2
Z � J M � H

�1
� (h)dh

= 1 � 2
Z x

�1
� (h)dh (3.2)

with x � � J M � H . For Gaussian� (h), we have

M (H ) = erf
�

J M + H
p

2R

�
(3.3)

This is best solved graphically. The result is shown in Fig. 3.1. Sincethere

is only one M (H ) solution for R � Rc in MFT, it must be the non-equilibrium

and the equilibrium solution at the sametime. In MFT, every spin couplesto

M (H ). Since M (H ) is unique, this implies that as H is increasedthere is a

unique seriesof local-�eld con�gurations and therefore a unique seriesof states.
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Figure 3.1: Mean-�eld magnetization curve for the non-equilibrium zero tem-
perature Gaussian RFIM at di�eren t disorders. (a) R = 0:6J < Rc. (b)
R = Rc =

p
2=� J . (c) R = J > Rc.

This meansthat in MFT for R � Rc the avalanchesin equilibrium must be the

sameas the avalanches in non-equilibrium. So the MFT avalanche exponents

must be the samein both DIPTs.

Here, I brie
y discuss the calculation of MFT critical exponents. From

Eq. 3.2, one has

� =
dM
dH

=
2� (x)

1 � 2J � (x)
: (3.4)

De�ne xc to be the root of 1 � 2J � (x) = 0 so that � diverges(becausethe

spanning avalanche occurs and H = H c(R)). For Gaussian � (h), it is easy to

derive that

xc(R) = �
p

2R2 log(Rc=R) = �
p

2Rc(r 1=2 + O(r )) (3.5)

with scaling variable r � (Rc � R)=R.

Near the critical point (Rc; H c(Rc)), successive Taylor expansionswith re-

spective to xc(R) and xc(Rc) on Eq. 3.4 yield

dM
dH

�
2R2

c

J
(x2 � x2

c(R)) � 1 (3.6)

After rearranging terms and solving the di�eren tial equation of x(R), we

have a cubic equation (in the limit of r ! 0)

x3 � 6R2
c r x + 6R2

ch = 0 (3.7)

with scaling variable h � H � H c(Rc). 1 This gives the scaling behavior of

1 It can be proven that in MFT, H c(Rc) = 0. Pro of. From Eq. 3.5, we see that xc(Rc) =
� J M (H c(Rc)) � H c(Rc) = 0. According to Eq. 3.2, if x = 0, then M = 1� 2

R0
�1 � (h)dh = 0.

Now it is clear that xc(Rc) = 0 ) H c(Rc) = 0. Q.E.D
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M (r; h) :

M (r; h) � jr j � g� (h=jr j � � ) (3.8)

for small h , r and � refers to the sign of r = (Rc � R)=R. MFT gives� = 1=2,

� = 3 and g� (y) is given by the smallest real root of the cubic equation

g3
� (y) �

12
�

g� (y) �
12

p
2

� 3=2Rc
y = 0: (3.9)

In non-equilibrium, using a Poisson statistics argument [17], it has been

found that

D(S; t) � S� 3=2 exp(� St2=2) (3.10)

with t � 2J � (x) � 1. Again, near H c(Rc), successive Taylor expansionson xc(R)

and xc(Rc) yield

t = 2J � (x) � 1 � J � 00(xc(Rc))( x2 � xc(R)) : (3.11)

Considering Eq. 3.5 and as r ! 0, h ! 0, x = � J M � H � � J M �

� J jr j � g� (h=j� � j), one has

t �
J 3

p
2� R3

c

4
�

r
h
1 �

�
4

g2
� (h=jr j � � )

i
(3.12)

with � � = 3=2 and . Insert Eq. 3.12 into Eq. 3.10, we have

D(S; r; h) � S� � D� (S� jr j; h=jr j � � ) (3.13)

with � = 3=2 , � = 1=2 and D � is given by

D� (x; y) =
1

p
2�

exp[�
x
2

(1 �
�
4

g2
� (y))2] (3.14)

3.2 Middleton's no-passing rule

Middleton's no-passingrule [69]: One de�nes the natural partial ordering of two

states: a state C = f s1; � � � ; sN g � ~C = f ~s1; � � � ; ~sN g if si � ~si for each site i

of the system. Let a systemC(t) be evolved under the �elds H (t) and similarly
~C(t) evolved under ~H (t). Supposethe �elds H (t) � ~H (t) and the initial states

satisfy C(0) � ~C(0), then the no-passingrule guaranteesthe partial ordering will

be preserved, i.e. C(t) � ~C(t) at all times later t > 0. For the magnetization

process, this is equivalent to the absenceof reverse spin 
ips as H is swept

from �1 to 1 . In non-equilibrium, this rule has been proven and applied to

explain the return-p oint memory [89]. In equilibrium, the main idea of the proof

follows. For any state C2 at �eld H2 which evolves from the GS C1 at �eld H1

(H1 < H2) with reverseavalanches,we can always �nd a corresponding state ~C

which evolvesfrom C1 without any reverseavalanchesand haslower energythan
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C2 at �eld H2. So as H is increased,the GS evolves without any reversespin


ips. Since
ipp ed spinsneednot be consideredany more in the GS calculation

for all higher �elds, the algorithm will be accelerateddramatically [26].

3.2.1 In tro duction

The no-passingrule was �rst intro duced by Middleton in the study of sliding

charge-density waves (CDW's) [69]. The CDW problem belongs to the more

general class of driven elastic manifolds in random media. If one de�nes a

simple one-dimensionalorder parameter within the model, then a natural par-

tial ordering of the con�gurations can be de�ned. In the simple CDW model

consideredby Middleton, the CDW con�guration f ' i (t)g describes the CDW

distortions at N lattice sites indexed by i , with ' i (t) real phasevariables and t

the time. The equation of motion for an overdamped CDW is governed by the

Langevin dynamics

_' i = � ' i � V 0
i (' i ) + f (t) (3.15)

Here, the � ' i term represents the simple elastic interactions. V 0
i (' i ) is the

pinning force at site i due to the 2� periodic pinning potential V (' i ). And

f (t) stands for the external driving force. Then one can de�ne the natural

partial ordering of two con�gurations: CG = f ' G
i g � CL = f ' L

i g if ' G
i � ' L

i

for each site i of the system. The no-passingrule states that given a driving

force f if initially CG (0) � CL (0), then CG (t) � CL (t) for all t > 0, i.e. the

\greater" (CG ) is never passedby the \lesser" (CL ). As stressedby Middleton,

this rule relies crucially on the elastic potential being convex. In other words,

the elastic potential tends to decreasethe separation of nearest-neighbor ' 's.

More recently , Krauth et al. found a similar no-passingrule in the study of

driven elastic strings in disordered media [84, 50]. Obviously, this is the same

general problem. Again, the rule is crucially dependent on the fact that the

elastic potential is convex.

The no-passingrule can be used to prove many useful properties, such as

the asymptotic uniquenessof the sliding state for CDW's [69] and the intrigu-

ing memory e�ects [89]. In fact, just after its intro duction by Middleton, the

no-passingrule was usedin the non-equilibrium zero-temperature random-�eld

Ising model (RFIM) by Sethna et al. to prove the return point memory ef-

fect [89]. In this case, the natural partial ordering of two con�gurations can

be de�ned similarly as in the CDW case. A di�erence is that si = � 1 while

' i is real. The no-passingrule states: Let a system CG (t) be evolved under

the �elds H G (t) and similarly CL (t) evolved under H L (t). Supposethe �elds

H G (t) � H L (t) and the initial con�gurations satisfy CG (0) � CL (0), then

CG (t) � CL (t) at all times later t > 0, i.e. the partial ordering will be pre-

served by the dynamics. With a local metastable single-spin-
ip dynamics, i.e.
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a spin 
ips when its e�ectiv e local �eld

he�
i = J

X

j

sj + hi + H (3.16)

changessign, the proof of the no-passingrule is straightforward [89]. Evenwith a

two-spin-
ip dynamics, it hasbeenshown by Viveset al. that the no-passingrule

is still true at zero-temperature [101]. Note that for the magnetization process,

the no-passingrule is equivalent to the fact that the 
ipp ed spins can never


ip back as H is swept monotonically. Again, this rule is not unconditionally

true. It relies crucially on the nearest-neighbor interaction being ferromagnetic

(J > 0). Just like the convex elastic potential, the ferromagnetic interaction

alsotends to decreasethe separationof nearest-neighbor degreesof freedom,i.e.

it tends to align the spins.

Recently , in the study of the equilibrium zero-temperature RFIM, Vives et

al. conjectured that when the external �eld H is swept from �1 to 1 , 
ipp ed

spins cannot 
ip back in the equilibrium M (H ) curve [27]. In other words, the

no-passingrule is valid even for the zero-temperature equilibrium dynamics, i.e.

the evolution of the ground state (GS). Vives et al. further conjectured that

this rule can be usedto speedup the calculation of the equilibrium M (H ) curve

since
ipp ed spinsat a lower �eld can be removed from the GS calculation for all

higher �elds. Unfortunately, this simple but powerful rule has not beenproven

so far for the equilibrium RFIM. This is the main motivation of our work.

3.2.2 Equilibrium M (H ) curv e

To calculate the equilibrium M (H ) curve of the zero-temperature RFIM, we

�rst needto calculate the exact GS in the RFIM at an arbitrary applied exter-

nal �eld H . This is the basic step of calculating the equilibrium M (H ) curve,

i.e. the GS evolution for varying H . Fortunately, there is a well-known map-

ping of the RFIM GS problem to a min-cut/max-
o w problem in combinatorial

optimization. The mapping and the so-called push-relabel algorithm for the

min-cut/max-
o w problem has been well described in the literatures [39, 13].

For RFIM, the run time of the push-relabel algorithm scalesas O(N 4=3) with

N the system size[36,70].

The equilibrium M (H ) curve can be simulated with the method reported in

Refs. [36,26]. It is essentially basedon the fact that the GS energy E(f si g; H )

is convex up in H , which allows for estimates of the �elds H where the mag-

netization jumps (called \avalanches" occur). This algorithm �nds steps by

narrowing down rangeswhere the magnetization jumps with an e�cien t linear

interpolation scheme. An illustration of the algorithm is shown in Fig. 3.2.

The details have been explained extensively in Ref. [26]. An example of the

calculated equilibrium M (H ) curve is shown in Fig 3.3.

In the E-H diagram, for each state f si g, the total energy E is represented
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Figure 3.2: (Color online) An illustration of the algorithm to calculate the
equilibrium M -H curve. Calculate the energiesE1 and E2 of the two simplest
states C1 = f si = � 1g and C2 = f si = +1g, respectively, as a function of
H . According to Proposition. 1, C1 (or C2) would be the ground state for
H < � hmax (or H > � hmin ). Calculate the crossing �eld H � (C1; C2) where
E1 = E2. Check whether there is a GS at H � which is di�eren t from C1 and
C2. According to Proposition. 3, if no such a GS exists, the algorithm ends; if
yes,denote the GS as C, calculate the crossing�eld H � (C; C1) and H � (C; C2).
At the new crossing�elds, check whether there is a GS which is di�eren t from
the two intersected states. The algorithm will not end until all the crossing
�elds have beenchecked. An exampleof the calculated equilibrium M -H curve
is shown in Fig. 3.3.

by a straight line with slope � M � �
P

i si since

E(f si g; H ) = E0(f si g) � H M (3.17)

with

E0(f si g) = �
X

<i;j >

J si sj �
X

i

hi si (3.18)

the energy axis intercept. E0 is also called the internal energy, i.e. the total

energyof the con�guration when H = 0. And the total energyE is alsoreferred

to as the magnetic enthalpy. Consider a D-dimensional hypercubic lattice of

size N = L D . Let hmax (hmin ) be the maximum (minimum) values of hi for

a certain realization of the random �elds. (Usually, random �elds are chosen

from a Gaussiandistribution with mean0 and standard deviation R. R is often

called the disorder parameter.)

Four simple propositions follow here,which are very useful in understanding

the algorithm to calculate the equilibrium M -H curve. Note that Proposition. 1,

2 and 3 and their proofs are just reproduced from Ref. [26]. Proposition. 4 is

new and the proof is given here.

Prop osition 1 For H < � hmax (H > � hmin ), the ground state is f si = � 1g

(f si = +1g).
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Figure 3.3: The equilibrium M -H curve (the ground state evolution) for the
GaussianRFIM with D = 3, L = 32 and R = 2:837. Here R is the standard
deviation of the Gaussianrandom �eld distribution. The inset shows a detail
of the M (H ) curve near H = 0, where magnetization jumps are clearly seen.

Proof. The proof is straightforward, since under such circumstancesf si =

� 1g (f si = +1g) minimizes not only the �rst term of the Hamiltonian but also

the last two terms. Q.E.D

Prop osition 2 Let the spin con�gur ation C1 (C2) be the ground state for H =

H1 (H = H2). They have magnetization M 1 and M 2, respectively. If C1 6= C2

and H2 > H1, then M 2 > M 1.

Proof. BecauseC1 and C2 are the ground statesat H 1 and H2, respectively,

we have

Ef C1; H1g = E0f C1g � H1M 1 < Ef C2; H1g = E0f C2g � H1M 2

Ef C2; H2g = E0f C2g � H2M 2 < Ef C1; H2g = E0f C1g � H2M 1(3.19)

Here, E0 = �
P

<i;j > J si sj �
P

i hi si . Adding the above two equations, one

gets

(H1 � H2)(M 1 � M 2) > 0 (3.20)

Thus, when sweeping the external �eld from H = �1 to H = 1 , the magne-

tization M will increasemonotonically. Q.E.D

Thus, when sweeping the external �eld from H = �1 to H = 1 , the

magnetization M will increasemonotonically. A corollary of this proposition is

that in the E-H diagram if the slopesof the lines corresponding to the ground

states C1 and C2 are di�eren t, i.e. M 1 6= M 2, and without loss of generality

we can assumeM 1 < M 2, then the lines intersect at a �eld H � such that

H1 < H � < H2. This �eld H � (C1; C2) is de�ned asthe crossing�eld betweenC1

and C2. According to the de�nition, onehasE0(C1) � H � M 1 = E0(C2) � H � M 2,
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so

H � (C1; C2) =
E0(C2) � E0(C1)

M 2 � M 1
(3.21)

For example,wecancalculate the crossing�eld betweenthe two simplestground

states: C1 = f si = � 1g with M 1 = � N and C2 = f si = +1g with M 2 = N . We

have H � = � 1=N
P

i hi = � �hi . 2

Prop osition 3 Let the spin con�gur ation C1 (C2) be the ground state for H =

H1 (H = H2). C1 6= C2, H2 > H1 and the crossing �eld between C1 and

C2 is H � . If there is no con�gur ation C such that E(C; H � ) < E(C1; H � ) =

E(C2; H � ) then: (i) C1 is the ground state at least for the �eld range [H 1; H � )

and (ii) C2 is the ground state at least for the �eld range(H � ; H2].

Proof. Suppose that there is a con�guration ~C such that for H = ~H 2

(H1; H � ) the relation E f C; ~H g < Ef C1; ~H g holds, i.e. ~C is the ground state

for H = ~H . Due to Proposition. 2, we have ~M > M 1. The energy of the

con�guration ~C at H � would be

Ef ~C; H � g = Ef ~C; ~H g � (H � � ~H ) ~M

< Ef C1; ~H g � (H � � ~H ) ~M

< Ef C1; ~H g � (H � � ~H )M 1

= Ef C1; H � g (3.22)

in contradiction with the hypothesis of the proposition. Proof of (ii) is very

similar. Q.E.D

This is the most important proposition. Its power comesfrom the fact that

it can be applied iterativ ely. And �nally we get the M (H ) curve with all the

ground states (seeFig. 3.2).

Prop osition 4 If the ground state is non-degenerate, then there cannot be more

than one avalancheconnecting two nearest ground states in the E-H diagram.

Proof. Supposewhen the �eld is increasedfrom H 1 to H2, the GS C1 evolves

to the nearest GS C2 with two avalanches (A1 and A2 with size S1 � 1 and

S2 � 1, respectively).

The crossing�eld is given by

H � (C1; C2) =
E0(C2) � E0(C1)

M 2 � M 1
=

f A 1 (0) + f A 2 (0)
2(S1 + S2)

(3.23)

The last line is due to Eq.3.37. We can choosea trial state C which is evolved

from C1 with only avalanche A1 occurring. We want the following relation to

hold

E(C; H � ) < E(C1; H � ) = E(C2; H � ) (3.24)
2Random �elds are usually generated according to a zero-mean distribution. But in prac-

tical simulation we are always dealing with a �nite size system. So it is imp ossible to get
exactly �h i = 1=N

P
i h i = 0.
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which is equivalent to

E(C; H � ) � E (C1; H � ) = f A 1 (H � ) = f A 1 (0) � 2S1H � < 0 (3.25)

Plugging Eq. 3.23 in it, we just needto prove

S2f A 1 (0) < S1f A 2 (0): (3.26)

If we do have S2f A 1 (0) < S1f A 2 (0), then we choose the trial state C, which

has lower energy than C1 and C2 at the �eld H � ; if S2f A 1 (0) > S1f A 2 (0), then

we can choose another trial state C0, which is evolved from C1 through only

avalanche A2 and has lower energy than both C1 and C2 at H � . In both cases,

we have shown that C2 can not be the nearestGS at H 2 for the GS C1 at H1,

if C1 evolves to C2 with two avalanches. If S2f A 1 (0) = S1f A 2 (0), it is easy to

show that E(C1; H � ) = E(C; H � ) = E(C0; H � ) = E(C2; H � ), then there will be

degenerateground states at H � , which is in contradiction to the hypothesisof

Proposition. 4. Q.E.D

3.2.3 Preparations of the Pro of

In this section,wewill work out the total energychangeof the spin con�guration

due to multiple spin 
ips and external �eld varying. The spin con�guration is

not necessarilythe ground state.

First, let us consider the simplest caseof a single spin 
ip. Supposeonly

onespin (si ) 
ips during the evolution of con�guration C at H to con�guration

C0 at H 0, with � H = H 0 � H and � M = M 0 � M . De�ne n i (or n0
i ) to be

the number of the i -th spin's nearestneighbors that point in the samedirection

as the spin in con�guration C (or C0). We call these spins the same-direction

nearest neighbors (SDNN) of the i -th spin. Note that n i = 0; 1; 2; :::Z with

Z = 2D the coordination number of the D-dimensional hypercubic lattice.

It is easyto get the bond energy change4J (n i � D ). And the total energy

changedue to the single spin-
ip and the varying external �eld is given by

f i (H ; � H ) = f i (H ) � � H M 0 (3.27)

Here we have de�ned

f i (H ) � f i (H ; 0) = 4J (n i � D ) � (hi + H )� si (3.28)

which is the energychangedue to spin i 
ipping for the con�guration C just at

the �eld H , i.e. � si = � 2 with � H = 0. It is easyto check that

f i; � (H ) = f i; � (0) � 2H = � 2he�
i (3.29)

where �̀ ' represents si = � 1 and � si = � 2 accordingly.
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Figure 3.4: States evolved from C1, with only the changeof the spin con�gura-
tion, i.e. avalanchesand reverseavalanchesare explicitly shown. (a) State C2:
evolved from state C1 with both avalanchesand reverseavalanches. (Black dot)
spins 
ip up, forming avalanches (A1, A2, A3 and A4). (White dot) spins 
ip
down (reverse 
ip), forming reverseavalanches (A r

1, A r
2). Note that there are

three interacting bonds between avalanche A2 and reverse avalanche A r
2. (b)

State ~C evolved from state C1 without reverseavalanches.

Second,we consider two spin 
ips. Supposetwo di�eren t spins (si and sj )


ip during the evolution of con�guration C at H to con�guration C0 at H 0.

There are two subcases.

(1) si and sj are not next to each other. The energychangeis

f i;j (H ; � H ) = f i (H ) + f j (H ) � � H M 0 (3.30)

(2) si and sj are next to each other. The energychangeis

f hi;j i (H ; � H ) = f i (H ) + f j (H ) � 4J (si � sj ) � � H M 0 (3.31)

Note that the term � 4J (si � sj ) is just due to the fact that the energy of the

i � j bond will not changeduring the 
ip.

Finally, let us consider the general case(seeFig. 3.4(a)). There are many

spin 
ips during the evolution of con�guration C at �eld H to C0 at �eld H 0.

It is easyto check that the total energychangeis given by

� E(H ; � H ) =
�
f i (H )+ f j (H )+ � � �

�
� 4J (si �sj + � � � )� � H (M + � si + � sj + � � � )

(3.32)

On the RHS, the �rst term includes all the 
ipping spins. The secondterm

includes all the nearest-neighbor interactions among those 
ipping spins. The

last term is due to the varying external �eld. In particular, if all the 
ipping

spins 
ip at the same H and they are connected to each other and have the

samespin value � 1 (or +1) beforethe 
ip, then this collective spin 
ip is called
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an avalanche(or a reverseavalanche).

Denote the energychangedue to an avalanche A � as f A � (H ; � H ), we have

f A � (H ; � H ) =
�
f i (H ) + f j (H ) + � � �

�
� 4J Nb (A � ) � � H (M + 2S� )

� f A � (H ) � � H (M + 2S� ) (3.33)

with Nb (A � ) de�ned asthe number of interacting bondsin A � , S� the sizeof the

avalanche and f A � (H ) the energy changedue to the avalanche when � H = 0.

Similarly, for the reverseavalanche, we have

f A r
�
(H ; � H ) =

�
f i (H ) + f j (H ) + � � �

�
� 4J Nb (A r

� ) � � H (M � 2Sr
� )

� f A r
�
(H ) � � H (M � 2Sr

� ) (3.34)

Due to Eq. 3.29, we have

f A � (H ) = f A � (0) � 2S� H (3.35)

f A r
�
(H ) = f A r

�
(0) + 2Sr

� H (3.36)

Now we can rewrite Eq. 3.32 in terms of f A � and f A r
�
. The total energy

changedue to avalanchesand reverseavalanches is given by

� E(H ; � H ) = FA (H )+ FA r (H )+ 4J Nb (A; A r ) � � H (M + 2SA � 2SA r ) (3.37)

with notations FA (H ) �
P

� f A � (H ), FA r (H ) �
P

� f A r
�
(H ), SA �

P
� S� ,

SA r �
P

� Sr
� . HereNb (A; A r ) denotesthe number of interacting bondsbetween

avalanchesand reverseavalanches. For example, in Fig. 3.4(a), Nb (A; A r ) = 3.

3.2.4 Pro of of the No-passing rule

Now we are ready for the proof of the no-passingrule. Let the spin con�guration

C1 (C2) be the ground state for H = H 1 (H = H2). H2 > H1. SupposeC1 and

C2 are connectedwith multiple avalanches: A1; A2 � � � An with sizesS1; S2 � � � Sn

and reverseavalanchesA r
1; A r

2 � � � A r
m , with sizesSr

1; Sr
2; � � � ; Sr

m respectively. To

compensate these reverse avalanches (so as to make sure M is monotonically

increasing,seeProposition. 2), we must have SA =
P n

� =1 S� > SA r =
P m

� =1 Sr
� .

SeeFig. 3.4(a).

The idea is that if C2 is the GS at �eld H2, then it should have lower energy

than any other spin con�guration at H 2. But we will prove this is not true. Just

consider another spin con�guration ~C. The only di�erence between C2 and ~C

is that ~C is evolved from C1 without any reverseavalanches (seeFig. 3.4(b)).

We now try to prove that E( ~C; H2) < E(C2; H2), so C2 can not be the GS at
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H2. But this is equivalent to proving that � ~E < � E . Here,

� E � E (C2; H2) � E (C1; H1)

= FA r (H1) + FA (H1) + 4J Nb (A; A r ) � � H (M � 2SA r + 2SA ):

(3.38)

On the other hand,

� ~E � E( ~C; H2) � E (C1; H1) = FA (H1) � � H (M + 2SA ) (3.39)

Therefore,

� E � � ~E = FA r (H1) + 4J Nb (A; A r ) + 2SA r � H > 0 (3.40)

Herewe have usedthe fact that C1 is the ground state for H = H 1 such that any

kinds of spin 
ip will increasethe energy: f A r
�
(H1) > 0 ) FA r (H1) > 0. Also,

for the ferromagnetic RFIM, J > 0. Sinceeach term is positive, so the sum is

positive, i.e. � E > � ~E or E > ~E. Actually , for any state C2 which evolved

from C1 with reverse avalanches, we can �nd a corresponding state ~C which

evolved from C1 without any reverseavalanchesthat has lower energy than C2

at �eld H2. So reversespin 
ips are impossiblefor ground state evolution when

increasing external �eld. Generally, 
ipp ed spins can never 
ip back when we

sweepthe external �eld monotonically.

3.2.5 Application

The straightforward application of the no-passingrule is very useful to accelerate

the calculation of the ground states when varying the external �eld. Suppose

the GS C1 at �eld H1 has already beenobtained, and we want to calculate the

GS C2 at �eld H2 with H2 > H1. According to the no-passingrule, the up spins

in C1 will stay up in C2, i.e. thosespinsare frozen,sowe neednot considerthem

in the ground state analysis. We just need to consider the down spins in C1.

The only cost is that we have to deal with the frozen up spins as complicated

�xed boundary conditions for the down spins. (For details, seeSec.A.3.3.) At

�rst sight, one may think that only when the density of the frozen spins is big

enough can we make the GS calculation faster. But how big is enough? To

optimize our calculation, we consider the running time di�erence (� t) between

the two methods: (I) without using the earlier solution C1, and (I I) using the

earlier solution C1. For both methods, ground states are found by using the

push-relabel algorithm. The numerical experiments are conductedon a desktop

with 2.80 GHz CPU and 2GB memory. And we tune the up-spin density nup

(down-spin density ndown ) by varying H1. The result is shown in Fig. 3.5. It

is found that for H2 > H1, as long as nup & 0:07 in GS C1, method I I will be

faster than method I. Symmetrically, for H 2 < H1, as long as ndown & 0:07 in

23



GS C1, method I I will be faster than I. This suggestsit is not necessaryto have

an extremely large portion of frozen spins to use the earlier solution. Freezing

a tiny part of spins will acceleratethe GS calculation already. Furthermore, for

larger and larger density of the frozen spins, using the earlier solution will save

more and more running time. (Keep in mind that for RFIM, the running time

of the push-relabel algorithm scalesasO(N 4=3).) Consequently , the calculation

of the whole M (H ) curve will be sped up dramatically.

3.2.6 Discussions

Throughout our proof of the no-passingrule, we do not assumethat the ground

state is unique. In other words, the no-passingrule is correct even when the

ground state is degenerate.For example, this happens for the RFIM when the

random �elds are chosenfrom a bimodal distribution [38].

In the proof we explicitly usethe fact that the nearestneighbor interaction

should be ferromagnetic (J > 0). We think any antiferromagnetic interactions

will destroy the no-passingrule. Thus, for other random magnet models, if J ij

could be negative, such as the random-bond Ising model (RBIM) with negative

J ij or the spin glasses,the rule will be violated.

Finally, we conjecture that for elastic manifolds in random media, there

could be a similar equilibrium no-passingrule at zero temperature, provided

that the elastic potential is convex and partial ordering of the con�gurations

can be clearly de�ned.
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Figure 3.5: Running time di�erence (� t) between methods with and without
using the earlier solution, i.e the GS C1 at �eld H1, to calculate the GS C2 at
�eld H2. The time di�erence � t (given in seconds)is plotted against the up-spin
(or down-spin) density of the GS C1. � t < 0 meansusing the earlier solution
will save the running time. Calculations are done for 3D GaussianRFIM (with
disorder parameter R = 2:27) for di�eren t system sizes. (Left) H 2 > H1. up
spins in C1 at �eld H1 will stay up at �eld H 2. (Right) H2 < H1. down spins
in C1 at �eld H1 will stay down at �eld H 2.
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Chapter 4

Numerical results on
Gaussian random-�elds

We compare the avalancheexponents and scaling functions associated with the

avalanchesize distribution and avalanchecorrelation function. The number of

spinsparticipating in an avalanche is called its sizeS. The avalanche correlation

function measuresthe probabilit y that a distance x between any two 
ipping

spins occurs in the same avalanche. For avalanches in equilibrium, no much

theoretical work has beendone. All the previous studies are not very accurate

for the following reasons: the system size is prett y small; exponents are ob-

tained via �tting rather than scaling collapse [26, 27]. In non-equilibrium the

avalanche exponents and the associated scaling function have beenwell studied.

Therefore, comparing them with the corresponding equilibrium onesconstitutes

a particularly strong test for universality.

We compare the spatial structure of avalanchesand clusters near the critic al

disorder. Here, clusters are connectedregions of 
ipp ed spins, formed by the

aggregation of avalanches. In non-equilibrium, it is known that near the criti-

cal disorder the spatial structure of avalanches is visually interesting(Fig. 1.3):

fractal and anisotropic [90]. In equilibrium it also has beenfound that near the

critical disorder clustershave fractal surfaces[71]. Up to now, the comparisonof

spatial structures of avalanches(or clusters) in equilibrium and non-equilibrium

hasnever beendone. This would beanother independent test of the universality.

Moreover, though the avalanchesshow such interesting spatial structure, there

hasnot much theoretical work beendoneon it up to now. One can say that, the

spacial structure of avalanches (or clusters) is worthy to be studied in its own

right. Recently , interesting experiments imaging avalanches in magnetic �lms

have beenreported. Experimental approaches include using the magneto-optic

Kerr e�ect [53, 49], the magnetic force microscopy [87] and the x-ray speckle

metrology [81].

4.1 Av alanche size distribution

Now, we report new 3D simulation results which present evidenceof universality

for the two DIPTs.

We comparethe critical exponents and scaling functions associated with the

avalanche sizedistribution �rst. At disorder R and within a small rangeof �elds
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around a particular value H , with (R; H ) near the critical point (Rc; H c), the

scaling form of the \binned" avalanche sizedistribution can be written as

D(S; R; H ) � S� � �D� (S� jr j; h=jr j � � ) (4.1)

whereS is the size,i.e the number of spinsparticipating in an avalanche, � refers

to the sign of the reduced disorder r = (Rc � R)=R, and h = H � H c is the

reduced�eld. The critical exponent � givesthe scaling of the largest avalanche

size Smax � jr j � 1=� , which divergesas we approach the critical disorder. The

critical exponents � and � come from the scaling form of the magnetization

near the critical point (H c; Rc): M (H ; R) � M c(H c; Rc) � jr j � M � (h=jr j � � ).

Note that in equilibrium both H c and M c are zero due to symmetry. This is

generally not the casefar from equilibrium. The critical valuesof M c, H c and

Rc in equilibrium and non-equilibrium are generally di�eren t [80,40].

For simplicit y, instead of measuringD(S; R; H ), we measurethe integrated

avalanchesizedistribution D in t (S; R), which is obtained by integrating D(S; R; H )

over H :

D in t (S; R) � S� ( � + � � � ) �D in t
� (S� jr j) (4.2)

In non-equilibrium, the quantit y D in t (S; R) for Gaussian� (h) has beenstudied

extensively, where (� + � � � )neq = 2:03 � 0:03 and � neq = 0:24 � 0:02 were

obtained from scaling collapsesand linear extrapolation to Rc [89, 80]. This is

done by collapsing three curvesat a time, plotting the valuesof the exponents

against jr javg (the averageof the reduceddisorder jr j for the three curves), and

then linear extrapolating to jr javg = 0.

In equilibrium, using the samemethod, we have (� + � � � )eq = 2:00 � 0:01

and � eq = 0:23 � 0:01. Both � eq and (� + � � � )eq match their non-equilibrium

values. Plotting the non-equilibrium universal scaling function [80]:

�D in t
� (X ) = e� 0:789X 1=�

(0:021+ 0:002X + 0:531X 2 � 0:266X 3 + 0:261X 4) (4.3)

on top of the equilibrium collapse,we �nd an excellent match, up to the overall

horizontal and vertical scaling factors, seeinset of Fig. 4.1. According to this

scaling function, we plot the distribution curves on top of the original data,

we �nd excellent �ts for all disorders. The match in both critical exponents

and scaling functions strongly indicate that the two DIPTs belong to the same

universality class. We notice that in a previous work, (� + � � � )eq = 1:70� 0:07

was obtained via power-law �tting [27]. However, due to the \bump" in the

scaling function, the power law exponent can not be extracted from a linear �t

to the raw data since it will underestimate the exponent � + � � � . Seeinset of

Fig. 4.1.

The extrapolation is shown in Fig. 4.2. Here, we do the scaling collapseby

using two kinds of scaling variables: r = (Rc � R)=Rc and r = (Rc � R)=R.
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Figure 4.1: Integrated equilibrium avalanche size distribution curves in 3D for
643 spins and di�eren t disorders. Those curves are averagedup to 500 initial
random-�eld con�gurations. The inset shows the scaling collapseof the inte-
grated avalanche size distribution, using (� + � � � )eq = 2:00 and � eq = 0:23.
(Even with (� + � � � )neq = 2:03 and � neq = 0:24, the collapsestill looks good.)
The thick black curve through the collapseis the non-equilibrium universalscal-
ing function �D in t

� (X ) (seetext). In the main panel, the equilibrium distribution
curvesobtained from the non-equilibrium scalingfunction are plotted (thin solid
lines) alongsidethe raw data (thick solid lines). The straight dashedline is the
expectedasymptotic power-law behavior: S� 2:00, which doesnot agreewith the
measuredslope of the raw data quoted in Ref. [27] due to the \bump" in the
scaling function.

The extrapolation results are consistent. To minimize the �nite size e�ect, we

require that r L 1=� � 1, i.e. r � L � 1=� . This implies that to get data points

even closer to jr avg j = 0, one has to go to larger system size.

4.2 Av alanche correlation function

The avalanche correlation function G(x; R; H ) measuresthe probabilit y that a

distance x between any two 
ipping spins occurs in the same avalanche [80].

Historically, there is a slightly di�eren t avalanche correlation function de�ned

for dynamic avalanches [80]. This \triggered" avalanche correlation function

Gtrig (x; R; H ) measuresthe probabilit y that the initial spin of an avalanche

will trigger, in that avalanche, another spin a distance x away. This de�nition

doesn't make sensefor a static avalanche simply becausethere is no initial spin

there. In fact, all spins in a static avalanche are equivalent to each other and
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Figure 4.2: (Top) � + � � � and (bottom) � respectively, from collapse of the
ground state integrated avalanche sizedistribution curves for 643 system sizes.
Solid symbols denoteusing scalingvariable r = (Rc � R)=Rc and hollow symbols
for r = (Rc � R)=R. The extrapolation to jr avg j = 0 gives: � + � � � = 2:00� 0:01
and � = 0:23� 0:01.

will 
ip as a whole to shift the systemto another ground state. 1 Interestingly,

non-equilibrium studies have checked that in three dimensions,G(x; R; H ) and

Gtrig (x; R; H ) agree with each other very well [80]. This makes the general

de�nition of G(x; R; H ) more meaningful.

The RG description suggeststhat closeto the critical point (Rc; H c) and for

large distance x, the avalanche correlation function can be written as [17]

G(x; R; H ) � x � (d� 2+ � ) G� (x=� (r; h)) (4.4)

where � indicates the sign of r , d is the dimension, and � is called the \anoma-

lous dimension". � is the correlation length, which roughly gives the length

scaleof the mean linear extent of avalanches in our system. Near the critical

point, we expect � to diverge and scaleas: � � jr j � � Y� (h=jr j � � ) where Y� is

1We thank Andrei A. Fedorenko who pointed out the dynamical exponent z cannot be
the same in equilibrium and non-equilibrium, since near equilibrium there are exponentially
large energy barriers leading to very slow (glass-like) relaxation to equilibrium, while in the
non-equilibrium model the exponent z is associated with the duration of avalanches. In our
simulation, we just 
ip the static avalanche as a whole, so there is no well-de�ned duration.
The dynamical exponent z instead describes slow relaxation in this case.
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Figure 4.3: Integrated avalanche correlation function at di�eren t disorders. In
the legend, the subscripts stand for equilibrium (e) or non-equilibrium (n).
Those curves collapseto each other, with d + � =� = 3:07 and � = 1:37, which
are consistent with previous results of non-equilibrium GaussianRFIM [80].

a universal scaling function. Similarly as in the calculation of avalanche size

distribution, it is much easier to measurethe integrated avalanche correlation

function, which is obtained by integrating G(x; R; H ) over H :

Gin t (x; R) �
1

xd+ � =�
�G� (xjr j � ) (4.5)

wherewe have usedthe scaling relation (2 � � )� = � � � � in the derivation [17].

Fig. 4.3 shows that for the integrated avalanche correlation function, both

critical exponents and scalingfunctions match for static and dynamic avalanches.

This again strongly indicate that the two DIPTs belongto the sameuniversality

class.
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4.3 Fractal dimensions of avalanches and

clusters

Spin avalanchesand clustershave fractal spatial structure (rugged on all scales).

This is not very surprising at all, becausefractal spatial structure and the power

law scalingof various related quantities indicate a certain degreeof criticalit y |

the absenceof characteristic spatial and temporal scalesat the critical point [90].

The goal of this section is to compute the fractal dimensionsof the volume,

surface and size(or mass) of avalanches and clusters in equilibrium and non-

equilibrium zero-temperature RFIM. First of all, let's give the exact de�nitions

of those quantities. The sizeS just meansthe number of spins participating in

the avalanche. By surfacewe mean the outermost surfaceof the avalanche (re-

gardlessof the possibleholesinside). The surfaceareaa is de�ned asthe number

of nearest-neighbor bonds that separatethe avalanche from its surrounding re-

gion. The volume v is de�ned as the number of spins that are enclosedby the

outermost surfaceof the avalanche (treating the possibleholes inside as if they

were �lled). Obviously, if there are no fully enclosedholesinside the avalanche,

then the volume v is the just the sameasthe sizeS. Otherwise, v will be greater

than S. The similar de�nitions are applied to the clusters.

In the thermodynamic limit, the fractal behavior for all thosequantities can

be written as

f (l ; R) = ldf f � ((R � Rc) l1=� ) (4.6)

Here, f could be S, v or a. df is the fractal dimension at the critical point.

� is the critical exponent of the correlation length. The pre-factor is related

to the lacunarity of the fractal [60]. l is the characteristic length scaleof the

avalanche (or cluster). l can be de�ned as either the geometric mean (lgm ) or

the maximum (lmax ) of the lengths of the sidesof the minimal rectilinear box

that enclosesthe avalanche and has sidesparalleled to system sides.

Eq.4.6 may naively indicate that one can get the fractal dimension df by

�tting the data with a power law. However, \Widom scaling" has proven to be

better than power law �tting in analyzing both numerical and experimental data

near a critical point for two reasons. First, �nite-size e�ects can be explicitly

studied through �nite-size scaling analysis. Second,scaling collapsesare more

accuratebecausethey automatically extrapolate to the correct scalingexponent

at the critical point even if the data is taken away from the critical point [79].

a. Using scaling variable l=L: For �nite systems, the natural �nite-size

scaling hypothesis reads

f (l ; R; L ) = L df f̂ (r L 1=� ; l=L) (4.7)

where r � (R � Rc)=R and f̂ is a universal scaling function. At R = Rc, the
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above equation is just

f (l ; Rc; L ) = L df f̂ (0; l=L) (4.8)

Therefore, we can do the data collapseby plotting L � df f (l ; Rc; L ) against l=L

to determine the fractal dimension df and even the universal scaling function

f̂ (0; l=L). We tune df until all the curveslie on top of each other. The collapsed

function is the universal function f̂ (0; l=L). For S, v and a, we can get the

respective fractal dimension: dS, dv and da. One may worry about the fact that

the scalingforms we usefor the collapsesdo not include the corrections that are

present whenthe data is not taken in the limit L ! 1 . Therefore, it is necessary

to extrapolate to L ! 1 ( or L � 1 ! 0) to obtain the the correct exponents.

Considering this, we have collapsedthe curves for three di�eren t system sizes

and plotted the values of the exponents extracted from such collapsesagainst

the averageof the three systemsizes(or the inverseof the systemsizes),which

we call hL i ( or hL � 1i ). Then the extrapolation to hL i ! 1 (or hL � 1i ! 0)

yields the quoted exponents with error bars, For example, the scaling collapse

of the size of avalanches in non-equilibrium S(l ; Rc; L ) is shown in Fig. 4.4.

The extrapolation to the limit L ! 1 yields dS = 2:78 � 0:05, seethe inset

of Fig. 4.4. Note that the error bar at each hL � 1i represent the estimated

range of values for which the collapsesare satisfactory. We can do the similar

collapsefor the volume and surface for avalanches and clusters in equilibrium

and non-equilibrium. All the results are shown in Table 4.1.

b. Using scaling variable v=V: Note that if we start from

f (v; R; V ) = V
~df f̂ (r V 1=3� ; v=V) (4.9)

with V = L 3, we have, at R = Rc,

f (v; Rc; V ) = V
~df f̂ (0; v=V) (4.10)

Here, f could be S or a. This enablesus to get the relative fractal dimensions:
~da � da=dv and ~dS � dS=dv . Then wecancheck the result obtained directly from

the data collapseusing l=L. For example,the scalingcollapseof the surfacearea

a of avalanche in non-equilibrium a(v; Rc; V ) yields ~da = 0:84� 0:01, seeFig. 4.5.

We can do the similar collapse for avalanches in equilibrium and clusters in

equilibrium and non-equilibrium. All the results are shown in Table 4.1.

c. Taking discrete logarithmic derivative BesidesWidom scaling collapses,

there is another useful method to analyzethe data obeying power-law relations

such asEq.4.6, the so-calleddiscrete logarithmic derivative (DLD) [71]. To take

the DLD is nothing but to calculate the local slope from a log-log plot. This is

easily understood by deriving

df = d log f (l ; Rc)=d log l (4.11)
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Figure 4.4: Finite-size scaling (using scaling variable l=L) for the size S
of avalanches in non-equilibrium, using dS = 2:78. System sizes: L 3 =
323; 483; 643; 963; 1283 and 1923 (from the top curve to the bottom one). Insets
show the extrapolation of the exponents to the thermodynamic limit, which
yields dS = 2:78 � 0:05 for avalanches in non-equilibrium. Note that E.Viv es
et al. get the size fractal dimension for the so-called critical non-spanning
avalanches [78]: dnsc = 2:78 � 0:05. This is consistent with our result, though
here we didn't separatethe non-spanningavalanches into two categories: criti-
cal and noncritical ones. According to Vives, these two kinds of non-spanning
avalanches have very di�eren t averagednumbers and size distributions. How-
ever, up to our knowledge,the direct separationof thosetwo kinds non-spanning
avalancheshas not beendone yet.

from Eq.4.6. Note that this method is only useful for the pure power-law func-

tions while Widom scaling collapseis a generalmethod to obtain the unknown

exponents even from data that is taken too far away from a critical point to be

strictly power law distributed.

We bin the avalanches (and clusters) by volume v, logarithmically spaced

by powers of 2. Averaging over bins and samplesgives the mean surfacearea

�a. Estimates of the relative dimension, i.e. ~da(R; L; v) = da=dv , can then be

obtained by taking the DLD:

~da(R; L; v) =
ln

�
�a(R; L;

p
2v)=�a(R; L; v=

p
2)

�

ln(2)
(4.12)

Plots of this estimatewith statistical errors for avalanchesin non-equilibrium

is shown in Fig.4.6. At the critical disorder, the surfaceareaappearsto scaleas

v0:83� 0:02, i.e. ~da = 0:83 � 0:02 for intermediate-sizeavalancheswith 1 � v �
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Figure 4.5: Finite-size scaling (using scaling variable v=V) for the surface
area a of avalanches in non-equilibrium, using ~da = 0:84. System sizes:
L 3 = 323; 483; 643; 963; 1283 and 1923. All the curves lie on top of each other.
Insets show the extrapolation of the exponents to the thermodynamic limit,
which yields ~da = 0:84� 0:01.

L 3. We can do the similar collapsefor avalanchesin equilibrium and clusters in

equilibrium and non-equilibrium. All the results are shown in Table 4.1.

4.4 Anisotrop y measures of avalanches and

clusters

Spin avalanche/cluster in non-equilibrium RFIM hasbeenfound to beanisotropic [22]

and topologically interesting [18]. It is longer than it is wide. It hastunnels and

sometimesduring the avalanche it forms a tunnel and later winds itself through

it, forming a knot. In equilibrium, anisotropy studies of spin clusters are still

absent. However, universal features of the shapes of percolation clusters and

polymer chains have been studied for more than twenty years [22, 6, 7, 46]. By

computing proper quantities which characterize the shape of the clusters, both

numerical simulations and renormalization group calculationsshow that clusters

in those systemsare quite anisotropic in the large cluster limit. At �rst sight,

the structural anisotropy of clusters in systemswith isotropic coupling seemsto

be very surprising. Nevertheless,as argued by Aronovitz et al., the isotropy of

coupling just implies that a given cluster conformation will appear with equal

probabilit y in arbitrary orientations. It doesn't guarantee that the cluster it-
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avalanche surfacearea scalesas v ~da (R ;L;v ) with ~da = 0:83 � 0:02 for the largest
avalanchesthat are not a�ected by �nite-size e�ects.

self is isotropic [7]. Considering this, we conjecture that both avalanches and

clusters in RFIM could be anisotropic in the large avalanche and cluster limit.

To characterizethe shape of a given conformation, we intro ducethe radius of

gyration tensor Q as follows [46]. For a given speci�ed conformation of S points

in D-dimensionalspace,(representing either the monomerpositions in a polymer

chain or the occupiedsites in a percolation cluster, or RFIM avalanche/cluster),

the position vectors read: R j = (X j ;1; X j ;2; :::; X j ;D ) with j = 1; :::; S. Here,

each point represents a spin in an avalanche (or a cluster) in the non-equilibrium

RFIM. Then the radius of gyration tensor Q (with D eigenvalues� � ) is de�ned

as

Q�� =
1

2S2

SX

i;j =1

[X i;� � X j ;� ][X i;� � X j ;� ]: (4.13)

Note that the usual square radius of gyration R2
G is given by the trace of Q,

i.e. R2
G =

P D
� =1 � � � D �� , which characterizesthe linear overall extension or

sizeof the conformation. To characterize the shape of the conformation onehas

to consider ratios of those eigenvaluesof Q. There are three kinds of measures

with exact de�nitions given in the following sections.

a. Anisotropy: A1 and A2 In D = 3, assumingeigenvalues� 1 � � 2 � � 3, two
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Figure 4.7: Sizedependent A1 and A2 for avalanchesin non-equilibrium. System
sizes: L 3 = 323; 483; 643; 963; 1283 and 1923. R = Rc. The asymptotic value of
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that are not a�ected by the �nite-size e�ects. We get A1(S ! 1 ) = 0:29� 0:01
and A2(S ! 1 ) = 0:50� 0:02.

simple quantities, the so-calledanisotropiesA1 and A2 can be de�ned as [22]:

A1 = � D =� 1 and A2 = � D� 1=� 1 (4.14)

The numerical results are shown in Fig.4.7. We notice that for both the clusters

and the avalanches,there is a regimeof oneto two decadesin S over which �nite-

size e�ects are almost negligible. Below this regime, A1 drops (A2 increases)

signi�cantly due to the discrete-sizee�ects. Above this regime, �nite-size e�ects

lead to big statistical errors. We can get the asymptotic value of A1 and A2 as

S ! 1 for both avalanches and clusters, by looking at the largest avalanches

(or clusters) that are not a�ected by the �nite-size e�ects. For example, as

S ! 1 , for avalanches in non-equilibrium, we have A1 = 0:29 � 0:01 and

A2 = 0:50� 0:02, seeFig. 4.7.

b. Asphericity: � D The above two measuresare very hard to generalize

to higher dimensions. Another quantit y which is easy to generalizeto higher

dimensionsis the so called asphericity [6], which is de�ned as

� D =
1

D(D � 1)

DX

� =1

(� � � �� )2

�� 2
: (4.15)

Note that � D vanishesfor conformations with all eigenvalues� � = �� equal and
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Figure 4.8: Size dependent � D and SD for avalanches in non-equilibrium.
System sizes: L 3 = 323; 483; 643; 963; 1283 and 1923. R = Rc. The asymp-
totic values of � D and SD for avalanches in non-equilibrium as S ! 1 are
� D (S ! 1 ) = 0:16� 0:01 and SD (S ! 1 ) = 0:06� 0:01, respectively.

takes a maximum value of 1 for a completely collinear conformation where all

eigenvalues vanish except one. � D characterizes the shape's overall deviation

from spherical symmetry. SeeFig.4.8. We notice that, except for the decay

trend, these two plots have similar features as plots of A1 and A2. We can

do the same estimation to get the asymptotic value of � D as S ! 1 . For

avalanches in non-equilibrium, we have � D = 0:16� 0:01.

c. Prolateness:SD The prolatenessSD is de�ned as

SD =
(� 1 � �� )( � 2 � �� )( � 3 � �� )

2�� 3
; (4.16)

which candistinguish prolate from oblate shapesin D = 3. SD is boundedto the

interval [� 0:125; 1]. The maximum (minimum) is taken when two eigenvalues

vanish (one vanishesand the other two are equal) [6, 7]. Positive (negative)

valuesbelong to prolate (oblate) shapes,with one eigenvaluesgreater (smaller)

than and the other two smaller (greater) than �� . Our result is shown in Fig.4.8.

Similar estimation yields the asymptotic value of SD as S ! 1 , for avalanches

in non-equilibrium: SD = 0:06 � 0:01. The result suggeststhat avalanches in

non-equilibrium are prolate.
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4.5 Av alanche surface area distribution

In this section,wediscussthe �eld integrated avalanchesurfaceareadistribution

for given sizesat Rc in both equilibrium and non-equilibrium. We know that

the surfacearea a of avalanches(or clusters) scaleswith the sizeS as

a � Sd̂a (4.17)

with d̂a � da=dS. Then the distribution of surfaceareasD a(S; R; H ; a) for an

avalanche of sizeS closeto the critical �eld H c and critical disorder Rc is given

by

Da(S; R; H ; a) � S� qD� (S� jr j; h=jr j � � ; a=Sd̂a ) (4.18)

with q = � + d̂a , and is de�ned such that

Z + 1

�1

Z + 1

Z
Da(S; R; H ; a) dH da = S� ( � + � � � ) D in t

� (S� jr j) (4.19)

whereD in t
� wasde�ned in the integrated avalanchesizedistribution section. The

avalanche surface area distribution integrated over the �eld H , at the critical

disorder r = 0 is then easily derived:

D (in t)
a (S; a) � a� ( � + � � � + d̂a )=d̂a D (in t)

a (a=Sd̂a ): (4.20)

(This is very similar to the derivation of the avalanche time distribution [80].)

Fig. 4.9 shows the surfaceareadistributions for di�eren t avalanche sizesand

collapsesof those curvesusing Eq. 4.20. Here, we used̂a = 0:81 and � + � � � =

2:01 for both equilibrium and non-equilibrium collapses. The values are also

consistent with what weobtained from the study of the �eld integrated avalanche

size distribution and the fractal dimensionsof avalanches. We �nd that with

the same set of exponents, the scaling function D (in t)
a (X ) in equilibrium and

non-equilibrium match very well.

4.6 Summary

All the quantities we calculated are shown in Table 4.1.

First, the integrated sizedistribution of the avalanches.We �nd an excellent

match in both the critical exponents (� and � + � � � ) and scalingfunctions. Sec-

ond, fractal dimensions. We �nd that dS = dv for all the cases,which indicates

the \holes" would be ignorable in the thermodynamic limit. The relative fractal

dimensionsobtained from di�eren t methods are consistent. Moreover, consid-

ering the systematic errors could be even larger than the ones listed here, we

concludethat the fractal dimensions(dS, dv or da) of avalanches(or clusters) in

equilibrium and non-equilibrium are very close. Thir d, anisotropy measures. It

is interesting to mention that avalanches(or clusters) are prolate in both equi-
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Figure 4.9: (Color online) Avalanche surfacearea distribution curves in 3D at
Rc, for avalanche sizebins from 50 to 88 (from upper left to lower right corner).
The systemsizeis 1923 for non-equilibrium (solid lines, averagedover 45 initial
random-�eld con�gurations) and 643 in equilibrium (dashedlines, averagedover
1431initial random-�eld con�gurations). The inset shows the scalingcollapseof
curves in the main panel, using the sameset of exponents for both equilibrium
and non-equilibrium: d̂a = 0:81, � + � � � = 2:01.

librium and non-equilibrium. More importantly , we �nd that the asymptotic

valuesof all the anisotropy measuresof avalanches (or clusters) in equilibrium

and non-equilibrium are very close. Forth, the integrated surface area distribu-

tion of the avalanches. We �nd that with the sameset of exponents, the scaling

function in equilibrium and non-equilibrium match very well.

All in all, we have shown that the equilibrium and non-equilibrium DIPTs

of the zero-temperature GaussianRFIM behave surprisingly similarly in critical

exponents, scaling functions and spatial structures of avalanches and clusters.

Also, they both obey the no-passingrule. All of theseresults indicate that the

two DIPTs are very likely in the sameuniversality class. Larger system sizes

could be a direct way to test it further, especially for the fractal dimensionsand

anisotropy measures. Di�eren t disorder distributions and lattice types would

also be useful methods to test the universality. We will investigate the former

in the next chapter.

Also, we want to emphasizethe connection between all the known DIPTs

associated with di�eren t dynamics (history dependence). As we know, the de-

magnetization curve displays a very similar DIPT as that of the saturation

loop and the ground state [12, 16]. Together with our new result, we suggests
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Table 4.1: Critical exponents and anisotropy measuresobtained from numerical
simulations in 3D for both equilibrium and non-equilibrium zt-GRFIM. Here,
values in parenthesis are quoted from Ref. [80]. Note that for clusters in equi-
librium, in Ref. [71], ~da = 0:755� 0:007 is obtained by taking DLD. Then, the
authors assumecompact volumes: dv = 3 and thus they obtain da = 2:27� 0:02.

non-equilibrium equilibrium
Quantities Avalanches Clusters Avalanches Clusters

� (0:24� 0:02) 0:23� 0:01
� + � � � (2:03� 0:03) 2:00� 0:01

dS 2:78� 0:05 2:76� 0:04 2:77� 0:09 2:78� 0:05
dv 2:78� 0:05 2:76� 0:04 2:77� 0:09 2:78� 0:05
da 2:33� 0:04 2:18� 0:04 2:16� 0:05 2:11� 0:03

~da (da=dv ) 0:84� 0:02 0:79� 0:02 0:78� 0:03 0:76� 0:02
~da (collapse) 0:84� 0:01 0:80� 0:01 0:79� 0:01 0:76� 0:01

~da (DLD) 0:83� 0:02 0:80� 0:01 0:78� 0:01 0:76� 0:01
A1 0:29� 0:01 0:25� 0:01 0:30� 0:02 0:28� 0:01
A2 0:50� 0:02 0:45� 0:02 0:50� 0:02 0:48� 0:02
� d 0:16� 0:01 0:21� 0:02 0:16� 0:02 0:18� 0:02
Sd 0:06� 0:01 0:09� 0:01 0:06� 0:01 0:07� 0:01

that all the three DIPTs, associated with the saturation loop, the demagneti-

zation curve and the equilibrium magnetization curve respectively, are indeed

in the sameuniversality class. This would be very exciting. So far there is no

RG treatment for the demagnetization curve, while there is for the saturation

loop [17]. Motiv ated by these results, we �nd that analytic studies comparing

the RG descriptionsof the DIPTs with di�eren t dynamicsare indeedan exciting

prospect.
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Chapter 5

Numerical results on
di�eren t random-�eld
distributions
Recently , the universality concept with respect to the shape of random-�eld

distribution � (h) has been questioned in both 3D simulations and mean-�eld

theory [5, 21]. It would be then interesting to understand whether the unex-

pected universality reported in the last section is a�ected by varying the shape

of � (h).

Generally, to model quenched disorders, the local �elds hi are randomly

chosenfrom a distribution � (h) which is symmetric around zero with a peak of

width R. Here, the width R is often called disorder parameter or just disor-

der. We consider four di�eren t distributions: (1) Gaussianwith zero mean and

disorder R de�ned to be the standard deviation: � (h) = 1p
2� R

exp(� h2

2R 2 ); (2)

Lorentzian � (h) with peak location at zeroand R de�ned to be the distribution

width at the half-maximum: � (h) = 1
2�

R
h2 +( R =2) 2 ; (3) parabolic distribution be-

tween� R and R, i.e. � (h) = R 2 � h2

4R 3 =3 for � R < h < R and 0 for rest; (4) uniform

distribution between� R and R: � (h) = 1
2R for � R < h < R and 0 for rest. 1

5.1 Av alanche size distribution

We compare the critical exponents and scaling functions associated with the

integrated avalanche sizedistribution �rst:

D in t (S; R) � S� ( � + � � � ) �D in t
� (S� jr j) (5.1)

In non-equilibrium, the quantit y D in t (S; R) for Gaussian� (h) has beenstudied

extensively, where (� + � � � ) = 2:03 � 0:03 and � = 0:24 � 0:02 were obtained

from scalingcollapseof the D in t (S; R) curvesat di�eren t disorders[89]. Here, in

Fig. 5.2(a), we show that for Gaussian,Lorentzian and parabolic � (h)'s in both

equilibrium and non-equilibrium, 24 data setsof D in t (S; R) curves for di�eren t

disorders,collapseonto a single curve, with the samepair of critical exponents:

(� + � � � ) = 2:03 and � = 0:24. Note that in doing the scaling collapse,there

are only two types of tuning parameters: (1) critical disorder Rc; (2) overall

horizontal and vertical scalefactors A and B . Both are non-universal constants

and depend on the details of � (h) and whether the system is in equilibrium or

1Note that here we don't consider the bimo dal distribution, � (h i ) = 1
2 [� (h i � R) + � (h i + R)]

simply becauseit will cause degeneracy problems and avalanches cannot be clearly identi�ed.
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Figure 5.1: Di�eren t random-�eld distributions. Lines are exact functions.
Points are random �elds generatedby random-number generatorsusing trans-
formation method [83].

not.

Note that the match in critical exponents and scaling functions for the three

di�eren t � (h)'s is not a surpriseat all. A RG analysishasshown that, at least in

non-equilibrium, what matters is just � 00(0), i.e. the secondderivative of � (h) at

h = 0 [17]. Other details about the shape of � (h) don't enter the RG analysis.

According to the de�nitions of Gaussian,Lorentzian and parabolic � (h)'s, one

has � 00(0) � � R3 for all of them. Therefore, their universal behaviors agree,as

expected. However, the match in critical exponents and scaling functions for

static and dynamicsavalanchesis surprising. It indicates strongly that the equi-

librium and non-equilibrium RFIM behave the samenear their corresponding

critical points.

In Fig. 5.2(b) we show that for uniform � (h) in both equilibrium and non-

equilibrium, 8 data sets of D in t (S; R) for di�eren t disorders, collapse onto a

single curve, with critical exponent set: (� + � � � ) = 2:08 � 0:02 and � =

0:52 � 0:03. Here, we want to emphasizethat: (1) The critical exponents,

especially � , are signi�cantly di�eren t from those of the above three kinds of

� (h)'s. (2) The scaling function shows signi�cantly di�eren t shape from that

observed in Fig. 5.2(a). These two �ndings are still consistent with the RG

analysis mentioned above. We notice that for a uniform � (h), � 00(0) = 0 is

independent of R and is qualitativ ely di�eren t from the other three distributions.

(3) For a uniform � (h), both the critical exponents and scaling functions for

static and dynamic avalanches do match. This is an interesting result. On
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the one hand, the conventional concept of universality holds: All the scaling

behaviors are the samefor di�eren t � (h)'s with a bump (� 00(0) < 0). On the

other hand, scaling behavior in equilibrium and non-equilibrium are the same.

5.2 Av alanche correlation function

To convince ourselves that the above result is not just a coincidence,we make

another independent test. We comparethe critical exponents and scaling func-

tions associated with the avalanche correlation function in equilibrium and non-

equilibrium for all four di�eren t � (h)'s.

The integrated avalanche correlation function is given by

Gin t (x; R) �
1

xd+ � =�
�G� (xjr j � ) (5.2)

In non-equilibrium, the quantit y Gin t (x; R) for the Gaussian� (h) hasbeenstud-

ied extensively, where d + � =� = 3:07 � 0:30 and � = 1:37 � 0:18 were ob-

tained from scaling collapsesof the Gin t (x; R) curvesat di�eren t disorders[80].

In Fig. 5.3(a) we show that for Gaussian, Lorentzian and parabolic � (h)'s in

both equilibrium and non-equilibrium, with the same critical exponent set:

d + � =� = 3:07 and � = 1:37, 24 data sets for Gin t (x; R) at di�eren t disor-

derscollapseonto a singlecurve (apart from the non-universal critical disorders

and overall scalefactors). In Fig. 5.3(b) we show that for uniform � (h) in both

equilibrium and non-equilibrium, 8 data sets of Gin t (x; R) for di�eren t disor-

ders, collapseonto a single curve, with critical exponents: d + � =� = 3:0 � 0:3

and � = 0:8 � 0:2. Note that the Rc valuesusedhere in the scaling collapseare

exactly the sameas that usedin Fig. 5.2. Therefore, theseresults on avalanche

correlation functions are completely consistent with what we found in integrated

avalanche sizedistributions.

5.3 Discussion

To discussthe e�ect of a generaldynamicson the critical behavior of avalanches,

we needa more generalde�nition of a stable state. The k-spin-
ip stable state

with 1 < = k < 1 is a good one, which is �rst intro duced in the study of spin

glasses[73]. It is de�ned to be the in�nite-v olume spin con�guration whose

energy cannot be lowered by the 
ip of any subsetof 1; 2; � � � ; k spins. For ex-

ample, k = 1 is just the single-spin-
ip stable state while k = 1 corresponds to

the exact ground state. Then it is natural to intro ducethe k-spin-
ip dynamics,

which meansthat all the metastable states connectedby avalanchesare k-spin-


ip metastable states [78]. In the caseof k = 1, it is just the single-spin-
ip

dynamics used in our non-equilibrium calculations. While for k = 1 , it is just

the dynamics obeyed by the ground state evolution usedin our equilibrium cal-

culations. It has been found that the changeof dynamics from k = 1 to k = 2
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will not alter the critical behavior of the dynamic avalanches [101]. Together

with our �nding, i.e k = 1 and k = 1 give the sameavalanche behavior, we

suggestthat avalanchesassociated with the whole seriesof k-spin-
ip dynamics

(with k = 1; 2; � � � 1 ) would have the samecritical behavior.

The concept of k-spin-
ip dynamics is quite generalbut it de�nitely cannot

encompassall kinds of dynamics. For instance, it is not expectedto capture the

demagnetization dynamics associated with the demagnetization curve. Here,

the demagnetization curve is obtained by applying an oscillating external �eld

with very slowly decreasingamplitude. The system will then be taken through

a seriesof subloops. The line connecting the tips of those subloops is known

as the demagnetization curve and the �nal state is called the demagnetized

state. Obviously, the demagnetizationdynamics is out of equilibrium but it does

not belong to any k-spin-
ip dynamics. The demagnetizedstate is often used

as an \approximation" of the exact ground state but it di�ers from the exact

ground state. However, at least for Gaussian� (h), there are two very interesting

results. First, the avalanches associated with the demagnetization curve are

found (within numerical error bars) to display the same scaling behavior as

the avalanchesassociated with the saturation hysteresisloop [12]. Second,the

demagnetizedstate and ground state show similarit y near their corresponding

critical points: the critical exponents and scaling function associated with the

magnetization curve coincide [16].

Consideringall the �ndings, we suggestthat all the di�eren t dynamics yield

the samescalingbehavior of avalanches| a unexpecteduniversality, seeFig. 5.4

and Fig. 5.5.

Sofar, there is no RG analysistaking into account the dynamics asa tuning

parameter. The k-spin-
ip dynamicsmay bea good candidateto start with since

k (or 1=k) is a natural parameter [78]. But for demagnetization dynamics, it is

still unclearhow to conduct an RG analysis. On the other hand, it would bevery

interesting to numerically test this universality in other disorderedsystems,es-

pecially for thosesystemswith frustrations where the no-passingrule is broken.

We suspect that a necessarycondition for equilibrium and non-equilibrium crit-

ical behavior to scalein the sameway is that the scaling behavior is dominated

in both casesby a zero-temperature �xed point. For example, for the random-

bond Ising model, which has a non-trivial �nite-temp erature �xed point [44],

the equilibrium and non-equilibrium critical behavior are di�eren t [17].
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Figure 5.2: Scalingfunctions of integrated avalanche sizedistribution. The scal-
ing collapsesof the equilibrium and non-equilibrium integrated avalanche size
distributions with di�eren t disorders and di�eren t random-�eld distributions
in 3D for 643 spins are plotted. Those curves are averaged up to 100 initial
random-�eld con�gurations. In the legend, the subscripts stand for equilib-
rium (e) or non-equilibrium (n) and the type of � (h): Gaussian(G), Lorentzian
(L), parabolic (P), and uniform (U). For Gaussian, Lorentzian and parabolic
� (h)'s, those curvescollapseto each other up to non-universal critical disorders
and overall horizontal and vertical scale factors. Here, we use RnG

c = 2:16,
ReG

c = 2:29; RnL
c = 1:92, ReL

c = 2:08; RnP
c = 4:84, ReP

c = 5:0. For the
critical exponents, we use (� + � � � ) = 2:03 and � = 0:24 for all the curves.
And the thick black curve through the collapse is the universal scaling func-
tion �D in t

� (X ) = e� 0:789X 1=�
(0:021+ 0:002X + 0:531X 2 � 0:266X 3 + 0:261X 4).

Both the critical exponent set (� + � � � ; � ) and the scaling function �D in t
� (X )

are consistent with previous results of non-equilibrium Gaussian RFIM [80].
For uniform � (h), the equilibrium and non-equilibrium curves collapseto each
other, with RnU

c = 4:64 and ReU
c = 4:46. The collapseyields critical exponents

(� + � � � ) = 2:08� 0:02 and � = 0:52� 0:03, which are signi�cantly di�eren t from
the exponents of the GaussianRFIM. Moreover, the scaling function does not
match that of the GaussianRFIM, no matter how we tune the overall horizontal
and vertical scalefactors.
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Figure 5.3: Scaling functions of integrated avalanche correlation function. The
scaling collapse of the equilibrium and non-equilibrium integrated avalanche
correlation functions with di�eren t disorders and di�eren t random-�eld distri-
butions in 3D for 643 spins are plotted. Here, the samecritical disorder val-
ues are used as in the collapseof D in t (S; R) shown in Fig. 5.2. For Gaussian,
Lorentzian and parabolic � (h)'s, up to non-universalcritical disordersand over-
all horizontal and vertical scale factors, those curves collapse to each other,
with d + � =� = 3:07 and � = 1:37, which are consistent with previous results
of non-equilibrium GaussianRFIM [80]. For uniform � (h), the equilibrium and
non-equilibrium curves collapse to each other with d + � =� = 3:0 � 0:3 and
� = 0:8 � 0:2. Both the critical exponents and the scaling function are di�eren t
from those of the GaussianRFIM.
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Figure 5.4: DIPTs in RFIM associated with di�eren t dynamics belong to the
same universality class. Here k = 1 refers to the single-spin-
ip dynamics,
k = 2 refersto the two-spin-
ip dynamics, � � � , k = 1 refersto the ground state
evolution. DM refers to the demagnetization dynamics.

Figure 5.5: Phasediagram of zero-temperature RFIM with k-spin-
ip dynam-
ics and demagnetization dynamics. Dashed lines indicate the �rst-order phase
transitions occurring at the critical �eld H c. Note that for demagnetization
dynamics and ground state evolution (k = 1 ), H c = 0 due to symmetry.
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Chapter 6

In tro duction

6.1 Perp endicular magnetic recording

Perpendicular magnetic recording (PMR) is a technology for data recording on

hard disk drives(HDDs). All HDDs store the data astiny areas(\bits") of either

positive or negative magnetization on the surfacesof the disks, which represents

a \bit" of information (\1" or \0"). The bits are written closely-spacedto form

circular concentric \trac ks" on the rotating disk surface. Typically, there are

106 bits on each track and 104 � 105 tracks on each disk surface. The total

storagecapacity of a HDD with a given sizedependsdirectly on how small we

can make the bits: the smaller the bits, the greater the capacity. Usually, the

areal density is de�ned to be the product of bits per inch along the track times

tracks per inch radially on the disk with units bits/inc h2.

Note that in LMR, the magnetization in the bits is directed circumferen-

tially along the track direction. While in PMR, the magnetic bits point up or

down perpendicular to the disk surface. Fig. 6.1 contrasts how the recording

media, the write head, and the read head are con�gured for a longitudinal and

a perpendicular recording system [104]. Historically, it was �rst proven advan-

tageousthan the conventional longitudinal magnetic recording (LMR) in 1976

by Shun-ichi Iwasaki. And it was �rst commercially implemented in 2005 by

Hitachi Global StorageTechnologies.

In recent years the growth-rate of area density has slowed due to a funda-

mental limit in magnetic recording | the so called superparamagnetic limit .

This limit comesfrom the fact that the magnetic material on the disk is com-

posedof small grains. If the thermal 
uctuation is too big, there may be enough

thermal energyto reversethe magnetization in a region of the medium, destroy-

ing the data stored there. The energy required to reversethe magnetization of

a magnetic region is proportional to the size of that region and the magnetic

coercivity of the material.

� E � M V HC (6.1)

Obviously, the larger the magnetic region is and the higher the magnetic coer-

civit y of the material, the more stable the medium is. 1 At a given temperature

1Because of the randomness of the grain shapes and sizes, each bit written on the disk
must cover about 100 grains to ensure that the information is reliably stored.
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Figure 6.1: (Top) Longitudinal recording diagram and (bottom) perpendicular
recording diagram [104]. Corresponding grain alignments are also shown.

and coercivity, there is an unfortunate lower limit to the sizeof a grain. Below

this limit, there is a risk that the magnetization may spontaneously reversejust

due to the thermal 
uctuation, which is ubiquitously present in the environment

of HDDs.

Fortunately, perpendicular recording addressesthis limit and allows contin-

ued advancesin areal density. First of all, aligning the bits perpendicularly to

the surfaceof the disk takeslessspacethan what would have beenrequired had

they beenplacedlongitudinally . Therefore,bits can be placedclosertogether on

the disk to increasethe areal density. This partially explains why perpendicular

recording can achieve higher storagedensities. However, it is not quite accurate.

There is another reason,which relates to the useof a higher coercivity material

asthe recording medium. As seenin the perpendicular recording diagram, there

is a unique feature, i.e. the soft magnetic underlayer incorporated into the disk.

This underlayer conducts magnetic 
ux very readily. Consequently , when the

write headis energized,magnetic 
ux concentrates under the small pole-tip and

generatesan intense magnetic �eld in the short gap between the pole-tip and

soft underlayer. The recording layer that stores the data is directly in this gap

where the �eld is most intense. Intenser magnetic �elds allow higher coercivity

media to be used.2 And with higher coercivity, grain sizescan be much smaller.

This fully explains the advantage of perpendicular recording.

Current hard disk technology with longitudinal recording has an estimated

limit of 100 to 200Gbit =inch2 due to the superparamagnetice�ect, though this

2Such media require higher �elds to set the magnetization, but once set, the magnetization
is inherently more stable.
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estimate is constantly changing. 3 Perpendicular recording is predicted to allow

information densitiesof up to around 1000Gbit =inch2.

6.2 In trinsic switc hing-�eld distribution

One of the key challengesin advancing the nanotechnology of magnetic record-

ing is the optimization of recording media and its physical properties [82]. This

challengeis particularly demandingbecausemagnetic recording is by its nature

a local process. Thus, it is not so much the averagephysical properties that

are crucial, but the distributions of such properties that determine continued

technological advancement and success[82]. In general,it is important to devise

recording media structures that have very homogeneousproperties on recording

relevant length scales,so that a position independent physical description of

all properties and magnetization processesis appropriate. However, this can

only be achieved to a limited degreeand it is therefore essential to have exact

knowledgeof the corresponding parameter distributions. One of the most cru-

cial properties is the intrinsic switching-�eld distribution D(H S) of the media

grains becauseit de�nes the recording quality of a media layer in both magnetic

stabilit y and the achievable recording density [94]. Hereby, one has to realize

that it is not the macroscopicswitching �eld distribution D m (HS) in a uniformly

applied �eld that is relevant, but the local distribution D(H S) of switching �elds

in a recording process,which takes place in a narrowly de�ned �eld geometry.

The di�erence betweenDm (HS) and D(HS) is causedby the inter-granular in-

teractions between the media grains. In particular, for perpendicular media

the dipolar interaction is large and dominates the behavior of hysteresisloops

M (H ). Thus, the knowledgeof Dm (HS), which can be derived from the slope

of M (H ), is insu�cien t for recording performancepredictions. 4

Over the years, several methodologies have been developed to determine

D(HS) with varying success[96,14,97,98,2,9,103]. Most of thesemethods ap-

ply a measurement scheme, in which magnetization reversal of media grains is

probed starting from di�eren t magnetization states to allow for a variation of

the grain-to-grain interaction under measurement conditions. Such procedures

should then in principle and under certain limiting conditions allow for a separa-

tion of the intrinsic switching �eld distribution from inter-granular interactions.

3Gigabit is a unit of digital information storage, with the symbol G bit (or Gb). 1gigabit =
109 bits. Note that there is no standard but a byte most often consists of eight bits.

4 In the caseof no inter-grain interactions,

M = 1 � 2
Z � H ( M )

�1
D m (H S) dH S:

Take the derivativ e with respect to H ,

dM

dH
= 2 D m (H S):

Therefore, the macroscopic switching �eld distribution D m (H S) can be easily read o� from
the hysteresis loop.
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Figure 6.2: Schematic representation of the problem addressed by the
� H (M ; � M ) method. Each grain is characterizedby an intrinsic switching �eld
HS as a local material property. (Left) Only in the caseof no inter-granular
interactions, Dm (HS) = D(HS). (Right) In realistic, Dm (HS) 6= D(HS). The
distribution of these local �elds D(H S) is not easily accessiblein macroscopic
measurements due to the intergranular exchangeand dipolar interactions.

In the following chapters, we study the reliabilit y of the recently developed

� H (M ; � M ) method, which has been used successfullyin analyzing progress

in recording media fabrication [2,9]. The method itself is a generalization of an

earlier measurement technique, the � H C method [96], but has the advantage

that it allows the determination of the entire D(H S) distribution and not just

a single characteristic parameter. Furthermore, it enablesoversampling, which

makes consistency checks feasible and gives one the opportunit y to quantify

the con�dence level of measurement results. In contrast to the alsoquite robust

method developedby van deVeerdonket al. [97,98], it doesnot rely on a speci�c

distribution form or the rather limiting assumption that interactions can be

removed from the problem by a simple de-shearingof the major hysteresisloop.

Recent data indicate that this very assumptionappearsto bean overly simplistic

view of inter-granular interactions [9]. Another method that hasrecently gained

certain popularit y is the FORC-method [14, 103], which is very similar to the

measurement of Preisach distributions [62]. However, this technique cannot

really be comparedto the previously mentioned methods, becauseit represents

for the most part a data transformation tool and doesnot appear to allow a self-

consistent way of extracting microscopic information such as D(H s), because

all interactions are removed from the model in an ad hoc fashion simply by

de�nition [14,103].
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Chapter 7

� H (M ; � M ) metho dology

7.1 Measuremen t scheme

The � H (M ; � M ) method measuresthe �eld di�erence � H at constant mag-

netization M betweenthe major hysteresisloop and a number of recoil curves,

which each start at a certain distance � M away from saturation M S.

This method assumesthat the e�ectiv e �eld at each grain can be written as

He� = H + H in t (M ) with H being the external �eld and H in t (M ) the volume-

averagedinteraction �eld at magnetization M . Assuming that M is normalized

to its saturation value M S, the upper branch of the major hysteresisloop driven

by the major loop external �eld H , and the recoil curve starting at M rev =

1 � � M driven by the recoil curve external �eld H r are given as

M = 1 � 2
Z � [H (M )+ H in t (M )]

�1
D(HS) dHS (7.1a)

M = 1 � � M � 2
Z � [H r (M )+ H in t (M )]

�1
D(HS) dHS (7.1b)

respectively, i.e. �eld integrals over the intrinsic switching �eld distribution

D(HS). De�ning an integral function I (x) =
Rx

�1 D(HS) dHS, one �nds

H (M ) = � I � 1
� 1 � M

2

�
� H in t (M ) (7.2a)

H r (M ) = � I � 1
� 1 � M � � M

2

�
� H in t (M ) (7.2b)

with I � 1 being the inverseof the integral function. Therefore, one can derive

� H (M ; � M ) � H r (M ) � H (M ) = I � 1
� 1 � M

2

�
� I � 1

� 1 � M � � M
2

�
(7.3)

as a closedfunctional form for the �eld axis distance � H between major and

recoil curves, a quantit y that is illustrated in Fig. 7.2. Important is hereby

that within the framework of this approach � H is independent from the grain

interaction, which allows for a direct experimental accessto D(H S). For certain

parameterized distribution functions, one can derive analytic expressionsfor

� H . For example, for the Gaussian, Lorentzian, Lognormal, and truncated-
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Lorentzian D(HS) distributions, 1

DG (HS) =
1

p
2� �

exp
�
�

(HS � h0)2

2� 2

�
(7.4a)

DL (HS) =
2w
�

1
w2 + 4(HS � h0)2 (7.4b)

DLN (HS) =
1

p
2� ~� HS

exp
�
�

(log HS � ~� )2

2~� 2

�
(7.4c)

DL t (HS) =
2w
�

C
w2 + 4(HS � h0)2 for HS � 0 only. (7.4d)

we �nd

� HG (M ; � M ) =
p

2�
�
erf � 1(M + � M ) � erf � 1(M )

�
(7.5a)

� HL (M ; � M ) =
w
2

n
tan[

�
2

(M + � M )] � tan[
�
2

M ]
o

(7.5b)

� HLN (M ; � M ) = exp
�
~� �

p
2~� erf � 1(M )

�
� exp

�
~� �

p
2~� erf � 1(M + � M )

�

(7.5c)

� HL t (M ; � M ) =
w
2

�
tan

�
(
�
2

+ � )
�

1 � M
2

�
� �

�

� tan
�
(
�
2

+ � )
�

1 � M � � M
2

�
� �

��
(7.5d)

Results for the Gaussianand Lorentzian distributions were reported previ-

ously [2,9]. Here,we intro ducethe disorderparameter � for a generalD (H S) dis-

tribution. � is de�ned to be the standard deviation of a given distribution, such

as Gaussianand Lognormal. However, for the Lorentzian distribution neither

variancenor higher moments are de�ned, so that we needto quantify the disor-

der level in another form. For the Lorentzian, we de�ne the disorder parameter

to be the distribution width at the half-maximum and the meanto be the center

of the distribution. For the distributions given by Eq. 7.4a, 7.4b and 7.4c, we

then have the disorder parameter: � G = � , � L = w, � LN = e~� + ~� 2 =2(e~� 2
� 1)1=2

and the mean value hG
0 = h0, hL

0 = h0, hLN
0 = e~� + ~� 2 =2. For the truncated

Lorentzian distribution, we de�ne the disorder parameter � L t = w to make it

comparablewith the Lorentzian distribution.

By making a least-squares�t of the � H (M ; � M ) curvesto the above formu-

las, one can extract the key features of D(H S). Note that both � HG (M ; � M )

and � HL (M ; � M ) have no h0 dependence.But for the Lognormal distribution,
1 In numerical simulation, the random switching �elds with any distributions are generated

by a random number generator. To avoid any negative tails in the Lorentzian distribution,
we can arti�cially suppress any negative random numbers and instead create another random
number for the switching �eld until we get a positiv e one. The corresponding switching �eld
distribution is then represented by the truncated Lorentzian distribution D L t (H S) as shown
in Eq. 7.4d. Note that C is given by the condition that

R+ 1
�1 D L t (H S) dH S = 1. Speci�cally ,

one �nds that C =
�

1
2 + �

�

� � 1
with � = tan � 1 ( 2h 0

w ). We notice that due to the truncation

induced asymmetry in the distribution itself, the derived � H L t (M ; � M ) depends on both w
and h0 (see Eq. 7.5d).
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Figure 7.1: Schematic of the � H (M ; � M ) method. Note that in the original
� HC method, � H is given by the �eld di�erence, measuredat M = � 0:5,
between the major loop and the recoil curve that originates at H = H C . The
� HC point is shown asa singlegreendot on top of the experimentally accessible
� H (M ; � M ) data sets.

� HLN (M ; � M ) dependson both ~� and ~� , and therefore it has both � and h0

dependencies.

It is easy to prove that simply shifting a general distribution will not alter

the � H data. For this, we consider the caseof a general distribution D(H S):

If we shift it towards right by an amount H 0, then the integral function ~I (x) of

the new distribution ~D(HS) = D(HS � H0) is given by ~I (x) = I (x � H0) and

its inverse ~I � 1(y) = H0 + I � 1(y). It is then clear that this shift will not change

the � H (M ; � M ) formula at all, since the H 0 terms will cancel according to
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Eq. 7.3.

Also, we �nd that both � H G (M ; � M ) and � HL (M ; � M ) are symmetric

with respect to M = � � M =2 while � H LN (M ; � M ) is not symmetric. This

is consistent with the original distribution: Both D G (HS) and DL (HS) are

symmetric around h0 while DLN (HS) is not. Actually , for any D(H S) distri-

bution being symmetric about h0, one �nds that I (h0 + x) = 1 � I (h0 � x) and

I � 1(1=2+ y) = � I � 1(1=2� y), from which it is easyto prove that � H (M ; � M )

is symmetric about M = � � M =2, i.e.

� H (�
� M

2
+ M 0; � M ) = � H (�

� M
2

� M 0; � M ) (7.6)

7.2 Reliabilit y measures

In this section, we discussthe reliabilit y measuresof the � H (M ; � M ) method

for an arbitrary type of D(H S). The reliabilit y is characterized by two types

of measures: (1) conventional quality measuresfor numerical �ts such as the

percentage di�er ence between the �tting and the actual parameter (Pd ) and

the square of the multiple correlation coe�cient (R2); (2) the averagedeviation

from redundancy measure(r ), which represents a consistencytest of the data

set alone.

7.2.1 Fit Qualit y

In simulations, one knows the input parametersexactly, such as the input dis-

tribution D(HS) in our case. Furthermore, we have also derived � H (M ; � M )

formulas for certain speci�c D(H S) distributions as shown in Sec. 7.1. Thus,

by �tting these analytical formulas to the � H (M ; � M ) curves obtained from

our 2D-RSFHM hysteresisloop simulations, we can get an estimate of the input

D(HS) distribution. Obviously, if the input D(H S) is recovered by the �tting

procedurewith high accuracy, then the � H (M ; � M ) method works. To quan-

tify the reliabilit y of the � H (M ; � M ) method, we intro duce the following �t

quality measures. The most important �t quality measure,denoted as Pd , is

the percentage di�erence betweenthe parametersobtained from a least-square

�t and the actual input parameters into our simulation. It describes how well

the � H (M ; � M ) method can indeedretrieve the information sought. Focusing

on the disorder parameter of D (H S) as the most crucial �t parameter, we de�ne

Pd =
� f � �

�
(7.7)

Here � f is the �t value of the D(H S) distribution disorder parameter as de�ned

in Sec.7, while � is the input value of the sameparameter.

Another �t quality measurethat can be utilized here is the square of the

multiple correlation coe�cien t R2, which measureshow successfula �t and �t
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function is in explaining the data [19]. It is de�ned as

R2 = 1 �
P

i (Yi � Ŷi )2

P
i (Yi � �Y )2

(7.8)

Yi and Ŷi arehereby the simulation result and the �t function valuefor � H (M ; � M )

at a given data point (M i ; � M i ), respectively. �Y is the averagevalue of Yi . Ac-

cording to the de�nition of R2, we know that as R2 approaches 1, the �t is

a better and better representation of the data set. Hereby, it is important to

emphasizetwo points in calculating Pd and R2. First, we are comparing a

mean-�eld theory to numerical simulations that contain the complexity of mag-

netization reversal in its complete detail. Second,we are using a �nite sizegrid

in our simulation while the analytic theory is derived for in�nite systems. Nat-

urally, the �nite sizewill a�ect the R2 and Pd calculation. Particularly , for data

points near the beginning or end of the reversal curve, where only a few grains

(hysterons) are reversed, the analytical theory for in�nite hysteron numbers

might not be accurate at all for the description of a �nite system, independent

from the validit y of the mean-�eld approximation.

7.2.2 Deviation From Redundancy

Fit quality measuressuch as R2 are not necessarilyfoolproof becausephysical

models and corresponding �t functions may be used in a regime, for which the

underlying theory does not apply anymore. In such cases,data �ts and ex-

tracted materials parameters might appear very accurate, while they are not.

Thus, it would be a tremendous help, if an independent data set evaluation

would be available that allows a separatemeasureof the suitabilit y of the un-

derlying theory. Speci�cally here, this evaluation should tell us how good an

approximation the mean-�eld theory is for any given data set, so that we know

to which con�dence level we can rely on the � H (M ; � M ) method.

We �nd that it is indeed possible to de�ne such a quantit y. To do so one

has to recognizethat within the mean-�eld approximation � H (M ; � M ) data

sets contain redundancy. The data set redundancy can be seenfrom Fig. 7.2.

For illustration purposes,we pick six points: (A and P), (B and U), (Q and

V) located on the major loop, the i -th recoil curve and the j -th recoil curve,

respectively. The i -th and j -th recoil curve start at M rev = 1 � � M i and

1� � M j , respectively. Without limiting the generality of this consideration,we

furthermore assumethat � M i < � M j and require that the six points satisfy:

M A = M B = M , M P = M Q = M � � M j + � M i and M U = M V = M � � M j

where M is an arbitrary value within [� 1; 1 � � M i ]. We then de�ne

� H i (M ) = HB � HA (7.9a)

� H j (M � � M j + � M i ) = HQ � HP (7.9b)

� H j (M � � M j ) � � H i (M � � M j ) = HV � HU (7.9c)
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Figure 7.2: (Color online) (a) The major hysteresisloop and three recoil curves.
Throughout the paper, M is normalized to its saturation value M S and H
is normalized to the coercive �eld H C . The �rst two recoil curves start at
M rev = 1� � M i and 1� � M j , respectively, with � M i < � M j . For the six points
(A and P), (B and U), (Q and V) shown in the �gure with M A = M B = M ,
M P = M Q = M � � M j + � M i and M U = M V = M � � M j where M is
an arbitrary value within [� 1; 1 � � M i ], one can prove the existenceof data
redundancy, i.e. the equality (H B � HA ) + (HV � HU ) = (HQ � HP ) within
the mean-�eld approximation. (b) The corresponding � H (M ; � M ) data for
the three recoil curves.

Within the mean-�eld approximation, it is easyto prove that

(HB � HA ) + (HV � HU ) � (HQ � HP ) = 0 (7.10)
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as shown below.

Proof. As shown in Fig. 7.2, we choosesix states (A, B, P, Q, U and V)

from the major loop and recoil curveswith

M A = M B = M (7.11a)

M P = M Q = M � � M j + � M i (7.11b)

M U = M V = M � � M j (7.11c)

and M is an arbitrary value within [� 1; 1 � � M i ]. The hysteron distributions

for the six states are shown in Fig. 7.3. Shadowed areasdenotedown-hysterons

(Si = � 1), while open areasindicate up-hysterons (Si = +1). In the following,

we usethe symbol n# and n" for the density of down-hysteron and up-hysteron,

respectively. For the states chosen from the upper branch of the major loop

with magnetization M 0, it is easyto get n# = (1 � M 0)=2. For example,

n#(A) = (1 � M )=2 (7.12a)

n#(P) = (1 � M � � M i + � M j )=2 (7.12b)

For states chosenfrom the recoil curves with magnetization M 0, there are

two shadowed areas,which can be denoted as n#1 and n#2. Note that the left

one n#1 is just due to the distance from saturation at the starting point of the

recoil curve, i.e. � M , so that n#1 = � M =2. For example, B and U are picked

from the i -th recoil curve with distance from saturation � M i , so that

n#1(B ) = n#1(U) = � M i =2 (7.13)

Similarly, for Q and V, we have

n#1(Q) = n#1(V ) = � M j =2 (7.14)

Combining this with the number conservation equation n# = n#1 + n#2 = (1 �

M 0)=2, we �nd

n#2(B ) = (1 � M � � M i )=2 (7.15a)

n#2(Q) = (1 � M � � M i )=2 (7.15b)

n#2(U) = (1 � M � � M i + � M j )=2 (7.15c)

n#2(V ) = (1 � M )=2 (7.15d)

It follows that

n#(A) = n#2(V ) (7.16a)

n#(P) = n#2(U) (7.16b)

n#2(B ) = n#2(Q) (7.16c)
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Figure 7.3: Hysteron distributions for the various states (A, B, P, Q, U and V)
shown in Fig. 7.2. The shadowed areassymbolize down-hysterons (Si = � 1),
the open areascorrespondingly up-hysterons (Si = +1).

and

HA + H in t (M ) = HV + H in t (M � � M j ) (7.17a)

HP + H in t (M � � M j + � M i ) = HU + H in t (M � � M j ) (7.17b)

HB + H in t (M ) = HQ + H in t (M � � M j + � M i ) (7.17c)

So, overall we �nd

(HB � HA ) + (HV � HU ) � (HQ � HP ) = 0 (7.18)

Q.E.D
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More generally, one �nds that

� H i (M ) + � H j (M � � M j ) � � H i (M � � M j ) � � H j (M � � M j + � M i ) = 0

(7.19)
This data set redundancy is due to the fact that successive recoil curves are
not fully independent and contain repeated information. However, Eq. 7.19
is derived under the assumption of the mean-�eld approximation and is only
true if the mean-�eld approximation is indeed ful�lled by the data set. For
general data sets this property is not conserved. Therefore, we can de�ne an
M -dependent measureas

r ij (M ) �
� H i (M ) + � H j (M � � M j ) � � H i (M � � M j ) � � H j (M � � M j + � M i )
� H i (M ) + � H j (M � � M j ) + � H i (M � � M j ) + � H j (M � � M j + � M i )

(7.20)

that monitors deviations from the mean-�eld approximation basedupon the

above redundancy criterion (Eq. 7.19). Eq. 7.20 has an M de�nition range of

[� M j � 1; 1 � � M i ]. For a general set of multiple recoil curves, the average

deviation from redundancy measurecan be de�ned as

r �
1
n

X

i;j



r 2

ij (M )
� 1

2 (7.21)

with n being the total number of all the possible (i; j ) pairs. 2 Thus, r is a

quantitativ emeasurethat allowsan accurateand independent check of how close

or far any � H (M ; � M ) data set is from ful�lling the mean-�eld approximation.

Note that in calculating r , we are comparing the data set with itself. Thus,

the validit y of the underlying mean-�eld approximation usedfor all the � H (M ; � M )

data �ts, can be assessedindependently and from the data set alone.

An additional bene�t in the calculation of r is that the �nite sizeinaccuracies

at the de�nition range boundaries for the recoil curveswill cancelout, at least

to somedegree. SeeEq. 7.20. For M = 1 � � M i , the �nite size inaccuracies

in � H i (M ) and � H j (M � � M j + � M i ) will cancel out. Similarly, for M =

� M j � 1, the �nite size inaccuraciesin � H j (M � � M j ) and � H i (M � � M j )

will cancel out. In this sense,the deviation from redundancy measureis more

robust than the �t quality measures.

2Since the de�nition range of M in r ij (M ) is [� M j � 1; 1� � M i ], we must have 1� � M i >
� M j � 1, i.e. � M i + � M j < 2.
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Chapter 8

Mo deling

8.1 Basic assumptions

For our numerical studies, we model each grain as a hysteron, which is the

simplest mathematical construction for the description of a hysteretic system.

Each hysteron will generatea rectangular hysteresisloop in an applied �eld H

as shown in Fig. 8.1. We assumethe transition of each hysteron is in�nitely

sharp and it hasno additional �eld dependence,such as �nite susceptibility, for

instance. The half-width of the rectangular hysteresisloop is referred to as the

intrinsic switching �eld of the hysteron, which is a well de�ned property of each

individual hysteron.

We also assumethat the hysteron switching �elds are symmetric around

zero �eld, i.e. there is no bias. A hysteron with zero bias is called a symmetric

hysteron and is consistent with the time reversal symmetry that ferromagnets

exhibit [29]. Thesehysteron properties can be regardedas fairly good represen-

tation of perpendicular mediagrains, becausethey have relatively high magnetic

anisotropy and the applied �eld in typical characterization measurements is ap-

plied along the easyaxis [96,14,97,98,2,9,103].

We further assumethat there is no time structure to the hysteron switch

itself. This should be an appropriate picture as long as one considers �eld

changerates that are much slower than single grain reversal times. Given that

such reversaltimes are typically of the order of several hundred pico seconds[28],

this condition is generally ful�lled in typical measurement setups[93].

Finally, the thermal e�ects are completely ignored here. While thermal acti-

vations play a large role in conventional hysteresisloop measurements, they are

not a fundamental limit of the � H (M ; � M ) method, becauseonecan resort to

low temperature measurements to suppressthermal e�ects, at least in principle.

Considering this, thermal e�ects are beyond the scope of the present study and

would be the topic of future work.

8.2 Simplest hysteron mo del

Consideringall theseassumptions,the PRM is represented by a two-dimensional

hysteron system with periodic boundary conditions. Depending on details of
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Figure 8.1: A symmetric hysteron S with intrinsic switching �eld H S.

the inter-granular interactions, we comeup with models with di�eren t levels of

complications. Those models will be explained in details in following chapters.

But here, we give the simplest example, which turns out to be very useful in

studying the e�ect of inter-granular exchange interactions on the reliabilit y of

� H (M ; � M ) method.

In this model, the PRM is modeled as a simple squareor triangular lattice

of symmetric hysteronswith periodic boundary conditions. Under the assump-

tions that hysterons (Si = � 1) have an intrinsic switching �eld distribution

D(HSi ) with HSi > 0, interact ferromagnetically with their nearest neighbors

with strength J and experiencea uniform external �eld H , the Hamiltonian of

the system can be written as 1

H = �
X

<i;j >

J Si Sj �
X

i

�
H + sgn(Si )HSi

�
Si (8.1)

This model is referred to as the interacting random hysteron model (IRHM).

Note that the IRHM is very similar to the random �eld Ising model (RFIM):

H = �
X

<i;j >

J si sj �
X

i

(H + hi ) si (8.2)

where the spins si = � 1 interact ferromagnetically with their nearestneighbors

with strength J and experiencea uniform external �eld H and a local quenched

�eld hi . For the RFIM, a local metastable dynamics has been intro duced by

Sethnaet al. [89] to study the disorder-inducedphasetransition in the hysteretic

1The exchange coupling constant J has dimensions of energy. J measures the strength of
one spin interacting with one of its nearest neighbors. The magnetic �eld H and the switching
�elds H Si are also in units of J . Consequently , the disorder parameter � is also in unit of J .
Note that J is not normalized to the anisotrop y �eld H k . Actually , there is no independent
H k in our model, even though our switching �eld distribution mimics the H k distribution of
real recording media structures.
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behavior at T = 0: Initially , all spins point down, as H is slowly increasedfrom

�1 to 1 and decreasedback to �1 , each spin 
ips deterministically when its

e�ectiv e local �eld

he�
i = J

X

j

sj + H + hi (8.3)

changessign. For the IRHM, we intro duce a similar local metastable dynamics

at T = 0: Initially , all hysteronspoint down, as H is slowly increasedfrom �1

to 1 and decreasedback to �1 , each hysteron 
ips deterministically when its

e�ectiv e local �eld

H e�
i = J

X

j

Sj + H + sgn(Si ) HSi (8.4)

changessign. Considering the only slight di�erence betweenthe RFIM and the

IRHM, it is possibleto intro duce a simple mapping:

hi $ sgn(Si ) HSi (8.5)

with HSi > 0. This enablesus to calculate the M (H ) curve of the interacting

symmetric hysterons with the developed algorithms used for previous RFIM

computational work at zero-temperature [89, 51]. The big advantage is that

the system size we can study is much larger than that of the micromagnetic

calculations at a room temperature [9]. Consequently , the noiselevel of data is

lower and the statistics is better. The obvious disadvantage is that the thermal

e�ects are completely ignored here. They are beyond the scope of the present

study and should be the topic of future work.
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Chapter 9

E�ect of exchange
in teractions

In this chapter, wepresent numerical results calculated from the simplehysteron

model (Eq. 8.1). We performed studies on both square lattice and triangular

lattice of hysterons (grains) with periodic boundary conditions.

Note that we are ignoring dipolar interactions here, even though we know

that they are substantial in real structures. But a previous micromagnetic

study demonstratedthat the dipolar interactions canvery well be treated within

the mean-�eld � H (M ; � M ) method and do not causeany signi�cant precision

problems, while exchange interactions did [2, 9, 41]. Thus, we focus here on

the e�ect of inter-granular exchange interactions only, becausethey represent

the much more seriousproblem for the reliabilit y of the � H (M ; � M ) method.

E�ects of dipolar interactions will be presented later. Also, we are acutely aware

of the fact that the assumption of a uniform exchange coupling constant J in

Eq. 8.1 is a substantial simpli�cation of the problem, if onecomparesour model

to real materials structures. Again, including a distribution of J would be an

extensionof the present model and will be the topic of a later chapter.

9.1 Square lattice

Note that a squarelattice is not necessarilya very good approximation of actual

media structures [9], in which grains typically have coordination numbers of 5

or 6. However, in the section, we neglect this detail of actual media structures

for reasonsof simplicit y.

With this model, we evaluate di�eren t types of D(H S) to study the relia-

bilit y of the � H (M ; � M ) method. In our simulation, we set the ferromagnetic

nearest-neighbor coupling strength J = 1 and tune the disorder parameter � .

In our model, only the ratio � =J is relevant. Setting J = 1 is just a standard

and convenient way for simulations. Since J = 1, tuning � is equivalent to

tuning � =J. In this sense,a small (big) � corresponds to strong (weak) nearest-

neighbor interactions of hysterons. We calculate the M (H ) curves,both major

hysteresisloop and recoil curves,for systemsizesup to 10002 and � valuesfrom

1.6 to 1000.

To show that the � H (M ; � M ) method fails reproducibly in a well-de�ned

manner, we calculate � H (M ; � M ) data sets for four di�eren t distributions:
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Figure 9.1: Triangular and squarelattice in 2D.

Gaussian,Lorentzian, Lognormal, and truncated-Lorentzian. For all thesedis-

tributions, we tune the disorder parameter � from 1.6 to 1000, but keep the

ratio h0=� to be a positive constant. This is done to avoid any negative switch-

ing �elds, which would otherwise describe non-physical behavior in violation

of the second law of thermodynamics. For a Gaussian, h0=� = 5 is gener-

ally big enoughto avoid any negative H S for systemsizesof up to 10002. For a

Lorentzian, wechooseh0=� = 5� 103 for systemsof size1002 and h0=� � 2� 105

for systemsof size 10002. To avoid the long negative tails of the Lorentzian,

we can truncate the distribution instead of choosinga hugeh0=� ratio, creating

a new type of distribution, which we refer to as truncated Lorentzian distribu-

tion DL t (HS) in the following. For this DL t (HS) distribution, we also choose

h0=� = 5 in our calculations. For the Lognormal distribution, there is by de�-

nition no distribution density for negative �elds. But we still chooseh0=� = 5

to make it comparablewith the Gaussianand the truncated Lorentzian distri-

bution. 1

We will show that even though the � H (M ; � M ) method approximates the

inter-granular interactions on the mean-�eld level, it can predict its own relia-

bilit y correctly.

9.1.1 Comparison with the mean-�eld appro ximation

Key results of our numerical hysteresisloop calculations for all these di�eren t

switching �eld distributions are shown in Figs. 9.7- 9.5. In each case,we show

plots for � = 1:6; 5 and 50 only to illustrate the generaltrends. All the calcula-

tions shown hereare donein 2D with linear systemsizeL = 1000,i.e. L 2 = 106

hysterons.

At �rst, we discussthe results for the GaussianD(H S) distribution in detail.

Fig. 9.7 displays the results for di�eren t � 's in di�eren t rows: (Top) � = 1:6.

(Middle) � = 5. (Bottom) � = 50. For each � , we calculate a complete set of

M (H ) curves, both the saturation hysteresisloop and recoil curves, as shown

in the left column of Fig. 9.7. Note that here and throughout the paper, M (or

1The value of the constant h0=� is not relevant for checking the reliabilit y range of the
� H (M ; � M ) metho d, as long as we have positiv e switching �elds for all the hysterons.
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� M ) is normalized to the saturation value M S and H (or � H ) is normalized to

the coercive �eld HC . In particular, we choose5 equally-spacedrecoil curves,

for which the distance to saturation is given by � M i = i=3. From the left

column of Fig. 9.7, onecan seethat the hysteresiscurvesget broader for higher

� . Note that it is not the larger � itself that causesthis e�ect, becausethis

type of broadening is taken out due to the normalization of H with H C , and

the constant h0=� ratio. 2 The di�erence in shape hereactually re
ects the fact

that for lower � , one gets correlated magnetization reversal which sharpensthe

macroscopicswitching �eld distribution substantially .

In the middle column of Fig. 9.7, we show the corresponding � H (M ; � M )

curves (solid lines) derived from the simulated M (H ) curves, as well as the

mean-�eld approximation of the � H (M ; � M ) curves (dotted lines) calculated

from Eq. 7.5a. The mean-�eld curves are calculated by using the exact input

parameter and are not least-squares�ts. This allows for a clear illustration of

the deviations from mean-�eld behavior. From Fig. 9.7(d), we seethat for small

� (corresponding to strong hysteron interactions) the di�erence between the

numerical result and the mean-�eld approximation is large. For intermediate �

(corresponding to intermediate hysteron interactions), the di�erence diminishes

but is still visible, especially near the negative saturation M = � 1, as shown

in Fig. 9.7(e). For high � (corresponding to weak hysteron interactions), the

di�erence is so small that it is not visible in Fig. 9.7(f ). It should be mentioned

that due to the constant h0=� ratio and the normalization of � H , the mean-�eld

� H (M ; � M ) curves look almost identical for di�eren t � 's. Furthermore, it is

apparent that the � H (M ; � M ) curvesobtained from numerical simulations are

asymmetric, in particular for small � . They show much larger deviations from

the mean-�eld approximation on the left hand side, i.e. near negative saturation

M = � 1. This can also be seenin the hysteresisloops themselves, where the

curvesseemto bundle up near negative saturation for small � values.

In the right column of Fig. 9.7, we show numerical values for the deviation

from redundancy measuresr ij (M ) which are calculated from the simulated re-

coil curvesshown in the left column. Due to the de�nition rangeof r ij (M ), only

the recoil curve pairs (i; j ) = (1; 2), (1; 3), (1; 4) and (2; 3) produce data. From

Fig. 9.7(g), we seethat for small � the deviation from data redundancy is quite

substantial for the whole M de�nition range and for all the recoil curve pairs.

For intermediate � , the deviation becomessmaller but is still visible, as shown

in Fig. 9.7(h). For high � , the deviation is almost negligible in the whole M

de�nition range and for all recoil curve pairs, as one can seefrom Fig. 9.7(i).

For the other D(HS) distributions, we observe very similar results as shown

in Figs. 9.3{ 9.5. Thus, one has to realize that for small � , i.e. strong hysteron

2This statement only makes senseif H C and h0 are very similar, which should be ful�lled
as long as the hysteron coupling is not too strong and the main causeof hysteresis is the single
hysteron hysteresis. In fact, in our simulations, we �nd that h0 and H C are almost identical
(or very similar) for high � . Moreover, one could make this an exact statement by normalizing
H and � H to h0 .
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Figure 9.2: Numerical results using a Gaussian intrinsic SFD. Rows: (Top,
�g.a,d,g): � = 1:6. (Middle, �g.b.e.h): � = 5. (Bottom, �g.c,f,i): � = 50.
Columns: (Left, �g.a,b,c): M (H ) curves,main loop and 5 recoil curves. (Mid-
dle, �g.d,e,f ): � H (M ; � M ) curvesfor the 5 recoil curves: (solid lines) numerical
result; (dotted lines) mean-�eld approximation. (Right, �g.g,h,i): M -dependent
deviation from redundancy (r ij (M )) for all the possiblerecoil curve pairs.

interactions, the � H (M ; � M ) method is not accurate. The mean-�eld approx-

imation does not match the numerical result and deviations from redundancy

are large. This is the expectedresult becauseoncecoupling dominatesthe mag-

netization reversal the mean-�eld approximation will not be valid any more. On

the other hand, for large � , i.e. weak hysteron interactions, the � H (M ; � M )

method works very well, which is indicated by both the small deviation from

redundancy and the match of the mean-�eld approximation to the numerical

results.

9.1.2 Emergen t feature of the � H (M ; � M ) metho d

The similarities in the failure of the � H (M ; � M ) method for di�eren t D(H S)

distributions indicates that this method may be not very sensitive to the partic-

ular type of distribution in general. To study this further, we plot the reliabilit y

measuresagainst the tuning parameter � for all D (H S) distributions in Fig. 9.8.

The �t quality measuresPd and R2 are shown in Fig. 9.8(a) and (b), re-

spectively. We seethat Pd approaches 0 with increasing � , which meansthat

for high � , the input value of � can be recovered with very high accuracy by

�tting the � H (M ; � M ) data to the mean-�eld �t function. In other words, the

� H (M ; � M ) method works well for high � . Furthermore, we seethat with in-
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Figure 9.3: Numerical results using a Lorentzian intrinsic SFD. Rows: (Top,
�g.a,d,g): � = 1:6. (Middle, �g.b.e.h): � = 5. (Bottom, �g.c,f,i): � = 50.
Columns: (Left, �g.a,b,c): M (H ) curves, main loop and 5 recoil curves. Note
that due to the very large h0=� ratio (� 2 � 105 for this system size 10002,
chosen to avoid negative H S), the di�erences between the major loop and all
the recoil curvesare extremely hard to seefrom the M (H ) plot itself. The small
di�erences will be more clear with log scale as shown in the middle column.
(Middle, �g.d,e,f ): � H (M ; � M ) curves for the 5 recoil curves: (solid lines)
numerical result; (dotted lines) mean-�eld approximation. Here, we seethat
normalized � H values are very small compared to the Gaussian D(H S) case
due to the large h0=� ratio. (Right, �g.g,h,i): M -dependent deviation from
redundancy (r ij (M )) for all the possiblerecoil curve pairs.

creasing� , R2 approaches1 corroborating a successful�t of the � H (M ; � M )

data in this regime. The average deviation from redundancy (r ) is shown in

Fig. 9.8(c). It is clearly seenthat with increasing � , r approaches 0, i.e. data

redundancy is obtained, which is the key feature of the mean-�eld approxima-

tion.

The reliabilit y range of the � H (M ; � M ) method can be obtained from

the reliabilit y measuresshown in Fig. 9.8. We �nd that for all the four D(H S)

distributions, with the de�nitions of � given in Sec.7, the � H (M ; � M ) method

works virtually perfect for � � � 0 with � 0 being approximately equal to 20.

Here, � 0 is just a rough criterion, above which the reliabilit y measureshave

mergedinto their mean-�eld approximation values.

Note that in the original micromagnetic test [9], it is found that the � H (M ; � M )

method is still valid for � =J ' 7:4 in our notations. 3 However, due to the noise

3 In Ref. [9], it is found that the � H (M ; � M ) metho d is still valid for H ex = 0:21H k with
� (H k ) = 0:23 (resulting in � (H S) ' 0:26). Here H ex is the exchange �eld and H k is the
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Figure 9.4: Numerical results using a truncated Lorentzian intrinsic SFD.
Numerical results using a truncated Lorentzian intrinsic SFD. Rows: (Top,
�g.a,d,g): � = 1:6. (Middle, �g.b.e.h): � = 5. (Bottom, �g.c,f,i): � = 50.
Columns: (Left, �g.a,b,c): M (H ) curves,main loop and 5 recoil curves. (Mid-
dle, �g.d,e,f ): � H (M ; � M ) curvesfor the 5 recoil curves: (solid lines) numerical
result; (dotted lines) mean-�eld approximation. (Right, �g.g,h,i): M -dependent
deviation from redundancy (r ij (M )) for all the possiblerecoil curve pairs.

level of the micromagnetic calculations, R2 is limited to 0.98 or smaller even in

the best of circumstancesthere. If we check whereR2 becomessmaller than 0.98

in our calculations, then it is exactly in the samerangeof � =J = 7 � 8. Thus, it

is perfectly consistent with the previous work. Our calculations are much more

sensitive and the statistic is much better, becausewe have much more particles

in our calculation (106 hysterons) than the original micromagnetic work (1330

gains), demonstrating the clear advantage of our approach using the RSFHM.

It should be emphasizedthat the � 0 valuesobtained from all three reliabilit y

measuresare fairly consistent. If there are di�erences at all, r appears to show

the highest sensitivity to deviations from the mean-�eld approximation, while

R2 seemsto be slightly less sensitive. This is important, becauser can be

evaluated without any �t from a data set alone. So, the independent reliabilit y

test is the most sensitive measureand gives one con�dence that not only the

� H (M ; � M ) method fails in a well-de�ned way, but also that one can very

reliably check for this failure mode.

Finally, we note that the di�eren t r vs. � curvesin Fig. 9.8(c) for the di�er-

ent distribution typestrack each other almost exactly. However, this particular

anisotrop y �eld. This result corresponds to � =J ' 7:43 in our notations, assuming the grains
have coordination numbers of 6.
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Figure 9.5: Numerical results using a Lognormal intrinsic SFD. Rows: (Top,
�g.a,d,g): � = 1:6. (Middle, �g.b.e.h): � = 5. (Bottom, �g.c,f,i): � = 50.
Columns: (Left, �g.a,b,c): M (H ) curves,main loop and 5 recoil curves. (Mid-
dle, �g.d,e,f ): � H (M ; � M ) curvesfor the 5 recoil curves: (solid lines) numerical
result; (dotted lines) mean-�eld approximation. (Right, �g.g,h,i): M -dependent
deviation from redundancy (r ij (M )) for all the possiblerecoil curve pairs.

observation dependents somewhat on how exactly we de�ne � in the various

D(HS) distributions, becauseonly for the Gaussianand Lognormal distribution

are we using the natural de�nition given by the standard deviation. Thus, the

curve collapse seenin Fig. 9.8(c) might be partially arti�cial. Pd and R2 on

the other hand do not exhibit such a collapse,not even for the Gaussianand

Lognormal distributions as is apparent from Fig. 9.8(a) and (b). The fact that

the two kinds of reliabilit y measuresshow di�eren t behavior can be understood

in the following way. As mentioned in the end of Sec.7.2.1and Sec.7.2.2, �nite

size inaccuraciesat the de�nition range boundariesof the recoil curveswill not

a�ect the calculation of r very much due to the cancellation e�ect. But it will

a�ect the calculation of the �t quality measures,both Pd and R2. Generally

speaking, the shape of the hysteresisloopsand recoil curvesdependson the par-

ticular type of the chosenD(H S). Consequently , the �nite sizeinaccuracieswill

also depend on D(HS). As a result, we seedi�eren t (similar) behaviors of the

�t quality measures(deviation from redundancy measure)for di�eren t D(H S)

distributions at small � . In this sense,it is natural to choosethe deviation from

redundancy measurer as the best measureto determine the reliabilit y range of

the � H (M ; � M ) method.
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Figure 9.6: Reliabilit y measuresfor the di�eren t D(H S) as a function of the
distribution width � : (a) Pd . (b) R2. (c) r .

9.2 Triangular lattice

To furthermore show that deviations from a more realistic grain structure are

not fundamentally altering the overall signi�cance of our previous result, i.e.

the � H (M ; � M ) method fails reproducibly in a well-de�ned manner, we also

analyze the � H (M ; � M ) data for Gaussianintrinsic SFD on a 2D triangular

lattice with 106 hysterons.

Key results of our numerical simulations are shown in Fig. 9.7. We show

plots for � =J = 5 and 50 only to illustrate the general trends. Fig. 9.7 displays

the results for di�eren t � =J's in di�eren t rows: (Top) � =J = 5. (Bottom)

� =J = 50. For each � =J, we calculate a complete set of M (H ) curves, both

the saturation hysteresisloop and recoil curves,as shown in the left column of

Fig. 9.7. Note that M (or � M ) is normalized to the saturation value M S and

H (or � H ) is normalized to the coercive �eld H C . In particular, we choose

5 equally-spacedrecoil curves, for which the distance to saturation is given by

� M i = i=3 with i being an integer between 1 and 5. In the middle column of

Fig. 9.7, we show the corresponding � H (M ; � M ) curves (solid lines) derived

from the simulated M (H ) curves, as well as the mean-�eld approximation of

the � H (M ; � M ) curves (dotted lines) calculated from Eq. 7.5a. The mean-

�eld curvesarecalculatedby using the exact input parameter, which allows for a

clear illustration of the deviations from mean-�eld behavior. From Fig. 9.7(b,e),

we seethat as � =J increasesand the role of exchange interaction decreases,

the di�erence between the numerical result and the mean-�eld approximation
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Figure 9.7: Numerical results for Gaussian intrinsic SFD on a 2D triangular
lattice. (Top, �g.a,d,g): � = 1:6. (Middle, �g.b.e.h): � = 5. (Bottom, �g.c,f,i):
� = 50. Columns: (Left, �g.a,b,c): M (H ) curves,main loop and 5 recoil curves.
(Middle, �g.d,e,f ): � H (M ; � M ) curves for the 5 recoil curves: (solid lines)
numerical result; (dotted lines) mean-�eld approximation. (Right, �g.g,h,i):
M -dependent deviation from redundancy (r ij (M )) for all the possible recoil
curve pairs.

becomessmaller. In the right column of Fig. 9.7, we show numerical valuesfor

the deviation from redundancy measuresr ij (M ) which are calculated from the

simulated recoil curvesshown in the left column. From Fig. 9.7(c), we seethat

for small � =J the deviation from data redundancy is quite substantial in the

entire M de�nition rangeand for all the recoil curve pairs. While for high � =J,

the deviation is almost negligible for all M valuesand all recoil curve pairs, as

one can seefrom Fig. 9.7(f ).

The resultsherearevery similar to the resultsobtained from a 2D squarelat-

tice with GaussianISFD [58]. To study the reliabilit y rangeof the � H (M ; � M )

method quantitativ ely, we plot the three previously mentioned reliabilit y mea-

suresagainst the tuning parameter � =J for both squareand triangular lattice

in Fig. 9.8.

Firstly , we �nd that those measuresshow very similar features for the two

di�eren t lattices. All three quantities approach their mean-�eld approximation

values with increasing � =J (decreasing exchange interaction), i.e. Pd ! 0,

R2 ! 1 and r ! 0 as � =J ! 1 . As expected, the � H (M ; � M ) method works

very well for high � =J in the sensethat the �t quality is excellent and data

redundancy is obtained.

Secondly, a clear shift of the failure towards higher � =J valuesis seenin the
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Figure 9.8: Reliabilit y measuresas functions of � =J. (a) Pd . (b) R2. (c) r .
Insets show the reliabilit y measuresas functions of � =Hex . All the calculations
are done for GaussianISFD on 2D lattices with 106 hysterons.

reliabilit y measuresof the triangular lattice. To understand this shift, onehasto

keepin mind that the total exchange�eld H ex to which every grain is exposed

in triangular lattice is on average 50% higher than in square lattice, simply

becausethe number of nearest neighbors n in triangular lattice is 6 instead of

4 (seeFig. B.3). If we normalize for this e�ect, (de�ning H ex = n J ), by the

saturated magnetization state, we �nd that the curvesof the reliabilit y measures

against � =Hex for the two di�eren t lattices collapseonto each other very well,

as can be seenfrom the insets in Fig. 9.8. This collapsestrongly indicates that

the deviation of the reliabilit y measuresas functions of � =J is only due to the

di�erence in the total aggregateexchangee�ect upon each lattice site.

The reliabilit y range of the � H (M ; � M ) method can be quanti�ed by de-

termining at which point one of the reliabilit y measuresbecomessmaller (or

greater) than a certain value. For example, we �nd that R2 � 0:98 when

� =Hex � (� =Hex)c. Here, we choose the measureR2 and the certain value

0.98 speci�cally to compare it quantitativ ely with the earlier micromagnetic

results [9]. In our calculations, we �nd (� =Hex)c ' 1:5 for both square and

triangular lattice. In the original micromagnetic test [9], it is found that the

� H (M ; � M ) method is still valid (in the sensethat R2 = 0:98) for Hex = 0:21

with � (H k ) = 0:23 (resulting in � (H S) ' 0:26) with all quantities given in

units of the mean anisotropy �eld hH k i . This yields (� =Hex)c ' 1:24, which

is in rough agreement with our result here. The di�erence could be related to

the fact that the micromagnetic calculations included dipolar e�ects, which by
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themselvesdo not impact the reliabilit y of the � H (M ; � M ) method, but cause

a generalbroadening of magnetization curves. This could shift the onset of the

exchangecoupling causedfailure towards lower � valuesor higher levelsof inter-

granular exchangecoupling. However, this observed numerical di�erence could

also be simply due to the noise level of the previously reported micromagnetic

calculations. In these calculations, R2 is limited to values near 0.98 even in

the best of circumstances. In general,our calculations hereexhibit much better

statistics, simply becausewe have much more particles in our calculations (106

hysterons) than were usedin the original micromagnetic work (1330 gains).

9.3 Summary

We study the � H (M ; � M ) method and its reliabilit y by meansof numerical

simulations of the zero-temperature interacting random hysteron model. We

present strong evidencethat the � H (M ; � M ) method, which is basedon the

mean-�eld approximation, has a well-de�ned reliabilit y range. This reliabilit y

range can be checked with two typesof independent measures:deviation from

redundancy and �t quality. The former is the superior tool becauseit is cal-

culated from the data set alone and is independent from any inaccuraciesthat

might be induced by data �tting proceduresitself.

We alsocheck that the failure mode of the � H (M ; � M ) method is a univer-

sal property of this method and independent from the detailed lattice structure.
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Chapter 10

E�ect of dip olar
in teractions

The � H (M ; � M ) method was demonstrated to have several advantages over

comparablemethods. For example, it allows for the determination of the entire

D(HS) distribution and its functional form and not just a single characteristic

parameter [2, 9]. In Chapter. 9, we have shown that: (1) it has a well-de�ned

reliabilit y range and it allows for oversampling, which makes self-consistency

checks feasible[58]. (2) its failure mode was found to show universal behavior,

independent from the detailed lattice structure in numerical simulations [57].

Despite these advantages, it is still unknown whether the reliabilit y range

of the � H (M ; � M ) method with respect to exchange interactions might be

a�ected by the simultaneous presenceof dipolar interactions. Given the fact

that this simultaneous presenceof both interactions is the realistic case for

actual recording media, it is an important issue,which we have studied in this

chapter.

10.1 Hysteron mo del: consider dip olar

in teractions

Adding dipolar interactions into the RHS of Eq. 8.1, the model Hamiltonian

turns to be

H = � Jex

X

<i;j >

Si Sj + Jdp

X

i 6= j

Si Sj

r 3
ij

�
X

i

(H + sgn(Si )HSi )Si (10.1)

. Here, the �rst term represents that hysterons interact ferromagnetically with

their nearestneighbors by meansof exchangeinteractions of strength Jex . The

secondterm represents that hysterons exhibit a distance-dependent and anti-

ferromagneticdipolar interaction of strength Jdp with all other hysterons. Here,

r ij denotesthe distance betweenhysteron i and j in lattice units. 1 Note that

due to our restricted geometry with perfectly aligned perpendicular magnetiza-

tion (representing high-anisotropy materials), dipolar e�ects causean e�ectiv e

interaction that is anti-ferromagnetic in its nature. The third term accounts for

1The lattice constant by itself is not relevant in our model, becauseit is e�ectiv ely included
in Jdp . A quantitativ e comparison with real granular geometries can easily be done, if the
corresponding Hamiltonian is written into a functional form similar to ours.
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the e�ect of the external �eld and the intrinsic switching �eld.

The algorithm for the simulation of the major hysteresisloopsand the corre-

sponding recoil curvesof this model hasbeendescribed in the above sectionand

Ref. [58]. For the numerical calculations of long-range dipolar interactions in

a systemwith periodic boundary conditions, we utilized the e�cien t formalism

described by Lekner [54]. For details, seeApp. B.

10.2 Results

10.2.1 Sheared M (H ) curv es

For our numerical study of the � H (M ; � M ) method's reliabilit y, we assume

a Gaussiandistribution D(H S) of width � for a two-dimensionalsquarelattice

comprising of total N hysterons. Di�eren t systemsizesranging from 502 to 4002

have been studied to estimate �nite-size inaccuracies. Results presented here

were calculated for 1002, which we found to be su�cien tly precisein all cases.

In our model Hamiltonian, Jex , Jdp , H , HS and � all have dimensionsof energy.

And we set � = 1 to be the unit of energy. We vary both Jex and Jdp . For each

parameter set (Jex , Jdp ), we calculate the complete set of M (H )-curves (both

the saturation hysteresisloop and recoil curves), from which � H (M ; � M ) data

setsare then extracted.

The results displayed in Fig. 10.1show several speci�c examplesfor parame-

ter sets(Jex ; Jdp ) = (0.4,0), (0.4,0.4) and (0.4,0.8). The simulated M (H ) curves

are shown in the left column. It is clearly seenthat increasing the strength of

dipolar interactions shearsthe hysteresisloops substantially as expected. The

right column displays the corresponding � H (M ; � M ) curves. The solid lines

are the numerically extracted results from the simulated M (H ) curves while

the dotted lines denote the mean-�eld behavior according to the expressionof

� HG (M ; � M ). Comparing Fig. 10.1(d), (e) and (f ), we �nd that dipolar inter-

actions of intermediate strength make the system most mean-�eld like.

10.2.2 Con tour plots of reliabilit y measures

To study the e�ect of dipolar interactions on the � H (M ; � M ) method's reliabil-

it y in a more systematicand quantitativ e way, we needto intro ducequantitativ e

reliabilit y measures.Obviously, the reliabilit y range of the mean-�eld approx-

imation, upon which the � H (M ; � M ) method is based, can be checked by

meansof a least-squares�t of � H G (M ; � M ) to the numerical data and a sub-

sequent analysisof the conventional �t-qualit y measures,such as: (1) the square

of the multiple correlation coe�cien t R2 and (2) the percentage di�erence Pd

betweenthe �tting result and the input parameter � . By de�nition, R2 = 1 and

Pd = 0 would correspond to perfect data �tting, i.e. the exactnessof the mean-

�eld limit. We therefore calculated a least-squares�t to � H G (M ; � M ) for the

numerically extracted � H (M ; � M ) data for each parameter set of (Jex ; Jdp ).
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Figure 10.1: Using GaussianD(HS) with width � = 1:0 to calculate the M (H )
curvesand � H (M ; � M ) curveson a 2D squarelattice with N = 1002 hysterons
and Jex = 0:4. (a,d) Jdp = 0. (b,e) Jdp = 0:4. (c,f ) Jdp = 0:8. (Left)
M (H ) curves: main loop and 5 recoil curves. (Right) � H (M ; � M ) curves
for the 5 recoil curves: (solid lines) numerical result; (dotted lines) mean-�eld
approximation. HereM (or � M ) is normalized to the saturation value M S = N
and H (or � H ) is normalized to the coercive �eld H C .

From these �ts, we then computed both Pd and R2. The results are shown in

contour plots (seeFig. 10.2).

The shape of the contour plots is rather interesting. First, it is nearly sym-

metric along the diagonal direction, i.e. Jdp =Jex = 1. This clearly demon-

strates that the rolesof exchangeand dipolar interactions in determining D(H S)

are almost equally important. Individually increasingeither one will make the

� H (M ; � M ) method lessreliable, while increasing both of them with proper

strength ratio of order 1 will substantially extend the reliabilit y range. Second,

the shape is not really symmetric. It is tilted upwards and smoother on the high

Jdp side than the high Jex side. This suggeststhat the � H (M ; � M ) method

can clearly cope with higher dipolar interactions than exchangeinteractions, in

agreement with previous micromagnetic tests [9].

The overall shape of the contours can be qualitativ ely explained by the

interaction compensation e�ect. From the model Hamiltonian, we know that
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Figure 10.2: Contour plots of the �t quality measuresas functions of Jex and
Jdp , both in units of � . (a) Pd . (b) R2. Dotted lines indicate the rangeof Jdp =�
for realistic materials.

the intergranular exchangeinteractions are ferromagnetic (FM) and short-range

while the dipolar interactions are anti-ferromagnetic (AFM) and long-range.

The competition between the two \opp osite" interaction tendencieswill yield

a variety of system behaviors. Generally speaking, as we steadily increaseJex

from 0 to higher values while keeping Jdp constant, we shift the system from

the AFM-in teraction-dominated regimeto the mean-�eld regimeand to the FM-

interaction-dominated regime. Only within the interaction compensationregion,

the FM and AFM interaction tendenciesnearly canceleach other. Consequently ,

the systemis most mean-�eld like and the � H (M ; � M ) method becomesmost

reliable there. From the model Hamiltonian, we also notice that if Jex=Jdp =

1, the exchange and dipolar interactions will cancel exactly for the nearest-

neighboring hysterons which have r ij = 1 in the lattice units. However, due

to the long-range and distance-dependent features of dipolar interactions, this

cancellation will not be exact for hysteronswith longer distances. This explains

why the interaction compensation region is only roughly symmetric along the

diagonal direction.

10.2.3 Correlations between reliabilit y measures

To quantify the interaction compensation region or equivalently the reliabilit y

range of the � H (M ; � M ) method, one can de�ne a critical value for each reli-

abilit y measure,above which this method is su�cien tly accurate. For example,

we might de�ne R2
c = 0:98 to be the critical value for R2 in accordancewith the

best available experimental data [9]. Then the reliabilit y range for the param-

eter set (Jex ; Jdp ) can be clearly seenfrom the region enclosedby the second

highest contour in the R2 plot. This particular contour will be referred to as
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Figure 10.3: Correlations between the reliabilit y measures: (a) Pd and r ; (b)
R2 and r . Each data point represents a di�eren t parameter set (Jex , Jdp ). Data
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symbol, as indicated by the legend.

the critical contour, inside which the system is virtually mean-�eld like and

the � H (M ; � M ) method is reliable. Note that for practical recording media,

the ratio of Jdp =� will probably be limited within the range of 0:2 � 1, which

happensto have an overlap with the critical contour (seeFig. 10.2). 2 One can

then easily seethat within the realistic Jdp =� range, the dipolar interactions

improve the reliabilit y range of the � H (M ; � M ) method up to higher Jex val-

ues. We also notice that for Jex=� � 0:2 (read o� from the intercept of the R2

critical contour on the Jex-axis), higher dipolar interaction will only make the

� H (M ; � M ) method worse. But this part is very small compared to the part

where dipolar interactions make the � H (M ; � M ) method robust.

Besidesthe �t-qualit y measuresR2 and Pd , there is a self-consistency-check

measure,which is basedupon data redundancyin betweenmultiple recoil curves.

One can test data for deviations from this redundancy by meansof a quantit y

r = 1
n

P
i;j



r 2

ij (M )
� 1

2 where r ij (M ) is by de�nition identical to zero within

the mean-�eld approximation, so is r . The speci�c advantage of this quan-

tit y r is that it can be directly calculated from data sets alone without the

need for any data �tting. Therefore, it is important to analyze the possible

correlation betweenthe �t-qualit y measure(either R2 or Pd ) and the deviation-

2For the realistic range of Jex =� , that's what nobody knows (or is supposed to know -
Hitac hi patent application), and is actually very tunable in realit y.
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from-redundancy measurer . Knowledge of this correlation will enable us to

estimate the suitabilit y of the � H (M ; � M ) method without any data �tting.

Consideringthis, we calculated r from the numerical � H (M ; � M ) data for each

parameter set of (Jex , Jdp ). Overall, the contour plot of r shows very similar

features as of the onesbeing displayed in Fig. 10.2 for R2 and Pd . To visualize

and quantify the correlation betweenR2 (Pd ) and r , we plot R2 (Pd ) vs. r for

the complete set of di�eren t (Jex , Jdp ) parameter (seeFig. 10.3). We �nd that

the data collapsefairly well onto a single line in the high R2 or low jPd j range,

in which the utilization of the � H (M ; � M ) method is sensibleand accurate.

This indicates that R2 and Pd are highly correlated with r in the regime where

these quantities matter. Due to the knowledge of these correlations, one now

has a criterion that enablesa judgment on the usefulnessand reliabilit y of any

� H (M ; � M )-data set evaluation. For that, one simply determines the r value

from experimental or modeling data sets, looks up the expected precision with

the help of Fig. 10.3 and then decidesif a further data analysis is warranted or

not.

10.3 summary

In summary, we �nd that the presenceof dipolar interactions similar in size

to those of real PRM makes the � H (M ; � M ) method substantially more pre-

cise and robust. The deviation-from-redundancy measure r , which is a self-

consistency-check, is found to be a good predictor of the � H (M ; � M ) method's

reliabilit y and can be utilized asa criterion to decideif a full scaledata-analysis

is warranted.
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Chapter 11

E�ect of nonuniform
exchange and magnetostatic
couplings
Recently , it has beenshown that the microstructural disorder and the resulting

randomnessin exchange and magnetostatic inter-granular interaction have a

detrimental e�ect on the performanceof PRM. [94,30,72]

In real granular materials, the randomnessin exchangecouplingsarisesfrom

irregularities at the grain boundaries, while the randomnessin magnetostatic

couplings results from the distribution of locations and volumes of the grains.

Therefore, it is important to �nd a self-consistent approach to generating a re-

alistic distribution of grains and the corresponding inter-granular interactions.

The purposeof the present chapter is twofold. First, the aim is to develop a

realistic model of the PRM that self-consistently accounts for locally varying

random interactions while still allowing for the macroscopichysteresisloop de-

scription of PRM. Secondly, the so developed model is subsequently used to

addressthe question: to what extent can the presenceof random interactions

in
uence the proper determination of microscopic materials information, such

as the intrinsic switching �eld distribution (SFD) D(H S) ?

11.1 Hysteron mo del: consider randomness in

couplings

The model Hamiltonian intro duced in the last chapter, i.e. Eq. 10.1, has

beendemonstrated to be very useful for understanding the applicabilit y of the

� H (M ; � M ) method to PRM. [59] However, it has substantial de�ciencies.

First, mapping grains to structurelesshysterons is of coursethe simplest math-

ematical construction, in which any e�ect due to the grain volume distributions

is completely ignored. Second,the assumption of uniform exchange and dipo-

lar couplings (Jex and Jdp ) is a substantial simpli�cation of the real material

structures. Due to microstructural disorder, such as irregularities at the grain

boundaries,(or random locations and volumesof grains), there is a distribution

of exchange(or magnetostatic) couplings betweengrains. Third, the dipole ap-

proximation is satisfactory for grains which are far away from each other. For

grains which are closeto each other, the dipole approximation will signi�cantly

overestimatethe magnetostatic interactions, asreported in the literature. [52,85]

Considering all these de�ciencies, and to systematically study the e�ect of
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non-uniform exchange and magnetostatic interactions on the reliabilit y of the

� H (M ; � M ) method, we have generalizedthe above simple model, Eq. 10.1,

in the following three aspects.

11.1.1 Non-uniform exchange couplings

For realistic PRM materials, the randomnessin the inter-granular exchange

couplings is determined mostly by the quality of the grain boundaries (or by

an additional layer intro ducing a well de�ned amount of inter-granular interac-

tions), while the randomnessin magnetostatic interactions is determined by the

grain volume distribution. Thus for all practical purposes,it is reasonableto

view the probabilit y distributions of inter-granular exchangeand magnetostatic

couplings as mutually uncorrelated. Therefore, for the modeling purposes,the

two distributions can be generatedusing independent processes.

Correspondingly, we intro duce randomnessin the exchange couplings by

simply choosing random bonds J ij
ex from a Gaussian distribution with mean

hJ ij
ex i � Jex and standard deviation � (J ij

ex) � RexJex . The relative width of the

random bond distribution Rex will be called the randomnessin the exchange

couplings. The bond index b = (ij ) runs from 1 to N Z=2 with Z the coor-

dination number of the embedded lattice. To make a good approximation of

actual media structures in which grains typically have coordination numbers

of 5 � 6, we choose a triangular lattice of grains with constant coordination

number Z = 6.

11.1.2 Non-uniform magnetostatic couplings

Due to the non-local nature of magnetostatic interactions, a self-consistent gen-

eration of random coupling constants J ij
ms is a non-trivial task. In a �rst step,

we represent the volume of a grain by a hexagonal prism with a side length

a=
p

3 and height d (Fig. 11.1(a) and Fig. 11.5(b)). Thus the grains form a two

dimensionalassembly of thicknessd with grains arrangedon a triangular lattice

of spacing a (Fig. 11.1(d) and Fig. 11.5(a)). Then we randomize volumes of

grains by a random hexagonaltiling process(seebelow), in which the plane of

the triangular lattice is randomly tiled with irregular hexagonson each lattice

site (Fig. 11.1(e)). The height d remains the samefor all grains. Note that this

processguarantees that every grain has exactly six neighbors, which complies

with the de�nition of non-uniform exchangeinteractions above.

The random hexagonaltiling (RHT) processis illustrated in Fig. 11.1(a-c).

First we assumeregular tiling caseand draw a circle of radius r = Pa=(2
p

3)

around every vertex of all regular hexagons.Then we randomly generatea point

inside every such circle. These are the points that de�ne locations of vertices

of randomized hexagons.The randomized volumes,vi , are calculated by multi-

plying the area of hexagonsA i by the height d. The extent of randomnesscan

be controlled by the tuning parameter P, where P = 0 corresponds to regular
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hexagonaltiling case.As shown in Figs. 11.1(a-c), with increasingP, the grain

becomesmore and more irregular. Figs. 11.1(d-f ) illustrate the corresponding

deformation of the entire lattice.

It is interesting to study the correlation between the tuning parameter P

and the grain volume distribution D(vi ) generatedby the described RHT. First

of all, we plot the D(vi ) obtained from RHT at di�eren t P values(seeFig. 11.2).

Note that here we have normalized the grain volume vi to the value of the reg-

ular tiling casewhich is just v0 =
p

3a2d=2. For P = 0, D(vi ) corresponds

to a � -function. As P increases,we seethat D(vi ) becomesbroader and more

asymmetrical. Secondly, the tuning parameter P is correlated with the char-

acteristics (moments) of the grain volume distribution D(vi ), e.g. the mean,

variance and skewness.To seethis, we plot the moments of D(vi ) as functions

of P in Fig. 11.3. The �rst moment, i.e. the mean value, is always equal to

unit y (in units of v0) no matter how randomly the hexagonsare drawn (see

Fig. 11.3(a)). This is becausethat the total area of grain assembly is con-

served due to the periodic boundary conditions. The secondmoment (variance)

of the distribution follows parabolic behavior (Fig. 11.3(b)). To con�rm this,

we also plot the standard deviation � (vi ) as a function of P. A straight line

� (vi ) = 0:17P (in units of v0) can �t the data very well (see Fig. 11.3(d)).

For the third moment, i.e. the skewness,a positive value increasesroughly lin-

early with P, which indicates that the D(vi ) becomesmore asymmetric with

increasingP as seenin Fig. 11.3(c).

A self-consistent distribution of the magnetostatic couplings D(J ij
ms) is then

naturally obtained by setting J ij
ms = Jmsvi vj =v2

0 with Jms the magnetostatic

coupling strength in the P = 0 limit, i.e. no randomnessin grain volume

distribution: vi = vj = v0. Due to the long-range feature of the magnetostatic

interaction, the index (ij ) (with i 6= j ) denoteshereall grain pairs in the system.

11.1.3 Magnetostatic vs. Dip olar picture

To calculate the inter-granular magnetostatic interactions, we conduct the fol-

lowing procedures.Supposewe have a grain assembly with volume distribution

D(vi ) obtained by RHT, as shown in Fig. 11.5(a).

Generally, the magnetic scalar potential � M of a given body, e.g. a media

grain, with known magnetization M is given by

� M (r ) = �
Z

V

r � M (r 0)
jr � r 0j

dV 0+
I

A

n̂ � M (r 0)
jr � r 0j

dA0 (11.1)

in the Gaussianc.g.s. system of units. Since in our model, we assumeuniform

magnetization inside each grain, the volume integral of the �rst term vanishes.

Furthermore, since we consider the high anisotropy limit where magnetization

of each grain can be aligned only along the z-axis, only the top and bottom

surfaceswill contribute to the surface integral of the secondterm. We de�ne
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Figure 11.1: Random hexagonal tiling. Tuning parameter P varies the shape
of a single grain and causesa non-uniform grain volume distribution for the
grain assembly. (a,d) P = 0; (b,e) P = 0:6; (c,f ) P = 1:2. In (b) and (c), the
red dashedcircle shows the permitted region of the grain vertices with radius
r = Pa=(2

p
3). Here a = 1 is the lattice spacing. The grains are shown in green

hexagons. The embedded triangular lattice of grains with periodic boundary
conditions is shown in blue dashed lines. The bonds between lattice sites (or
grain centroids) and their nearest neighbors are shown in blue (or black) solid
lines. For P > 0, the grain centroids (black dots) becomedeviating the lattice
sites (red dots). Only in the regular hexagonaltiling case(P = 0), as shown in
(a) and (d), the grain centroids match the lattice sites.

the magnetostatic �eld produced by grain j as H M j (r ) = �r � M j (r ). The

magnetostatic energybetweengrain i and grain j can then be written as

U ij
ms = �

1
2

Z

Vi

M i � H M j dV

=
1
2

M i �
Z

Vi

r � M j dV

=
1
2

M i �
I

A i

� M j n̂ i dA

=
1
2

I

A i

I

A j

(n̂ i � M i )( n̂ j � M j )
jr � r 0j

dA0dA

(11.2)

The coordinates of points in the top/b ottom surfaceof grain i and grain j

are (x,y,� d=2) and (x0,y0,� d=2), respectively. Then it is easyto check that

U ij
ms =

1
2

Si Sj M 2
0 I (r i ; r j ; d): (11.3)

Here, M i = Si M 0ẑ , M j = Sj M 0ẑ with Si ; Sj = � 1 and M 0 a material param-
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Figure 11.4: (left) Electron micrograph of media. (right) Grain assembly ob-
tained by RHT with P = 1:0.

eter. The integral

I (r i ; r j ; d) =
ZZ

A i

dxdy
ZZ

A j

dx0dy0 2

�

"
1

p
(x � x0)2 + (y � y0)2

�
1

p
(x � x0)2 + (y � y0)2 + d2

#

(11.4)

is evaluated along the top surfaces(A i and A j ) of the two grains with centroid

coordinates r i = (x i ; yi ; d=2) and r j = (x j ; yj ; d=2), respectively.

In the limit that the two grains are far away from each other

q
(x i � x j )2 + (yi � yj )2 � r ij � d

the above integral can be calculated as:

I (r i ; r j ; d) � A i A j 2(
1

r ij
�

1
q

r 2
ij + d2

) �
A i A j d2

r 3
ij

so that

U ij
ms �

M 2
0 d2A i A j

2a3

Si Sj

~r 3
ij

� J ij
ms

Si Sj

~r 3
ij

(11.5)

which is the dipole approximation. Here, ~r ij = r ij =a is the reduced distance

and J ij
ms is naturally de�ned to be the magnetostatic coupling strength between

grain i and j in the long distance limit:

J ij
ms =

M 2
0 d2A i A j

2a3 = Jms
A i A j

A2
0

= Jms
vi vj

v2
0

(11.6)

with Jms = 3M 2
0 d2a=8 being the magnetostatic coupling strength in the regular
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Figure 11.5: (left) A two-dimensionalgrain assembly (with L = 10and N = 100)
obtained by RHT with tuning parameter P = 0:2, which results in grain volume
distribution D(v) with � (v) � 0:035. A particular grain pair is labeledwith their
surfacearea A i and A j . (right) Schematic 3D view of the chosengrain pair.
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distance r ij , at various d and P. (Both r and d are in units of a.) Grains are
chosenfrom a triangular lattice with L = 100 and N = 104.
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hexagonal tiling case(A i = A j = A0 =
p

3a2=2). It is easy to recognizethat

Jms is just the dipolar coupling constant Jdp usedin our previous study. [59]

Having the complete magnetostatic solution, it is now possibleto calculate

how good the dipole approximation is. In Fig. 11.6, we show the ratio between

the integration result calculated from Eq. 11.3 and the dipole-approximation

result calculated from Eq. 11.5 as a function of r ij (the distance between the

two grains' centroids), for various d and P.

Oneseesthat for d = 2, at r = 1, the dipoleapproximation overestimatesthe

magnetostatic interaction by almost 200%. While for d = 1, at r = 1, the dipole

approximation overestimatesthe magnetostatic interaction by only 20%. Note

that in a previous work [85], the magnetostatic interaction energy of a three-

dimensionalarray of ferromagneticcubeswascalculatedand the authors showed

that the dipole approximation for nearestneighboring cubesoverestimatesthe

magnetostatic energy by more than 17%, which is comparable to our result

given the fact that we are using di�eren t grain shapes.

We de�ne r c to be the cuto� distancebeyond which the magnetostatic inter-

action can be calculated with the dipole approximation, i.e Udp =Ums � 1 with

lessthan 1% error. It is seenthat r c depends on d crucially. For example, for

d = 1, r c � 4; for d = 2, r c � 15. (In our calculations, we set d = 2 and

r c = 20.) We also �nd that varying the RHT parameter P will not change r c

too much. This is demonstrated by the collapseof the curveswith samed but

di�eren t P values. To save computing time, we explicitly calculate the exact

magnetostatic interactions only for grains with distance r < r c, while for r > r c

grains are still treated as in the dipole approximations.

Consideringall the above changes,the model Hamiltonian of the interacting

random hysteron model can now be written as

H = �
X

hi;j i

J ij
ex Si Sj +

X

i 6= j

1
2

M 2
0 I (r i ; r j ; d) Si Sj �

X

i

[H + sgn(Si )HSi ] ~vi Si :

(11.7)

with ~vi = vi =hvi being the scaledgrain volume. Note that in the absenceof

randomnessin exchangeand magnetostatic couplingsand within the dipole ap-

proximation, the original Hamiltonian Eq. 10.1is easily recoveredfrom Eq. 11.7.

The algorithm for the simulation of the major hysteresis loops and the corre-

sponding recoil curvesof this model is described in Ref. [58]. For the numerical

calculations of long-rangemagnetostatic interactions in a system with periodic

boundary conditions, we utilized the e�cien t Lekner formalism [54].

Calculate long-range magnetostatic in teractions

In our previousstudy, the Lekner formalism wasusedto dealwith the long-range

dipolar interactions within a periodic system. [59] All grains were consideredas

dipoles there. In calculating the long-range dipolar interaction between grain

i and j , we have to take into account the dipolar interaction between grain i
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and j in the central simulation cell and the dipolar interactions betweengrain

i in the central simulation cell and all the imagesof grain j in the image cells.

Therefore, the dipolar interaction energymust be calculated as

Udp = Jdp

X

i 6= j
all cells

Si Sj

~r 3
ij

= Jdp

X

i;j

Si Sj

X 0

C

1

j ~r ij + ~C j3
� Jdp

X

i;j

Si Sj ~F ij :

(11.8)

Here the C -sum is over all the simulation cells. The prime on the C -sum

indicates that it is over all imagesof grain j except C = 0 if j = i becausewe

assumethat grain i interacts with all its periodic images, but not, of course,

with itself. In the casethat the central simulation cell is a two-dimensional

lattice with rhombus shape of angle  and side length L = ~La, one has C =

(l + � m; 
 m) ~La = ~C a with l , m integers, � = cos and 
 = sin  . The C -sum

can then be written as

~F ij = ~L � 3
1X 0

l ;m = �1

1

[(� ij + l + � m)2 + (� ij + 
 m)2]
3
2

(11.9)

with � ij = (x i � x j )=L and � ij = (yi � yj )=L. Here the prism indicates that we

omit the l = m = 0 term if � ij = � ij = 0. ~F ij ~L 3 can be e�cien tly calculated

with the Lekner formalism, which converts the slowly convergent summation to

a rapidly convergent one:

F? (� ; � ) =
2� 2


 2 sin2(� � =
 )
+ 8�

X

l > 0

X

m

cos(2� l (� + � m))
l

j� + 
 mj
K 1(2� l j� + 
 mj)

(11.10)

or

F? (� ; � ) =
2� 2


 2 sin2(� � 0=
 )
+8 �

X

m> 0

X

l

cos(2� m(� 0+ � l))
m

j� 0+ 
 l j
K 1(2� mj� 0+ 
 l j)

(11.11)

with � 0 = 
 � � � � , � 0 = � � + 
 � and K � (z) is the modi�ed Besselfunction of

the secondkind [54,32].

Similarly, in the magnetostatic-picture, the magnetostatic energyof the pe-

riodic system has to be calculated as

Ums =
X

i 6= j
all cells

1
2

Si Sj M 2
0 I (r i ; r j ; d)

=
X

i 6= j
all cells

1
2

Si Sj M 2
0 a3 I ( ~r i ; ~r j ; ~d)

=
X

i;j

1
2

Si Sj M 2
0 a3

X 0

C

I ( ~r i ; ~r j + ~C ; ~d) (11.12)

with ~d = d=a. At �rst glance, the C -sum here is extremely complicated due
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to the four-dimensional integrals I ( ~r i ; ~r j + ~C ; ~d). However, as discussedin

Sec.11.1.3, if r ij � r c, theseintegrals can be calculated with the dipole approx-

imation very well. Only whenr ij < r c, shall wedealwith the integrals explicitly .

Fortunately, this does not happen too often. As long as r c � L=2, it is easy

to show that for grain i and grain j (and all grain j 's images), if there is one

pair which ful�lls r < r c, then this is the only pair. Becausegrain j and all its

imagesare separatedby at least distance L . (This proof is very similar to that

of the \minim um image criterion" usedin the molecular dynamics simulation.)

Therefore, we can easily correct the dipole approximation:

X 0

C

I ( ~r i ; ~r j + ~C ; ~d) =
X 0

C

~A i ~A j
~d2

j ~r ij + ~C j3
�

~A i ~A j
~d2

~r 3
ij min

+ I ( ~r i ; ~r j min ; ~d) (11.13)

with ~A i = A i =a2, ~A j = A j =a2. The �rst term, i.e. the dipole approximation,

can be calculated within the Lekner formalism. The rest is the correction and

can be easily calculated. Note that j min denotesthe minimal image of grain j

which satis�es r ij min < r c. For somepairs of grains, there are no such minimal

imagesat all, which meanswe can safely usethe dipole approximation without

corrections. Otherwise, we just use Eq. 11.13 to calculate the magnetostatic

interaction. In all cases,this can be done in advance and saved into a �le for

future use in the calculation of M (H ) curves.

It is useful to combine Eq. 11.12and Eq.11.13to derive

Ums =
X

i;j

J ij
msSi Sj ~F 0

ij (11.14)

with
~F 0

ij � ~F ij �
1

~r 3
ij min

+
1

~A i ~A j
~d2

I ( ~r i ; ~r j min ; ~d) (11.15)

Comparing Eq. 11.14with Eq. 11.8, onecan easily seethe modi�cation we have

done so far. In the limit that there is no microstructural disorder, one has

J ij
ex = Jex , ~vi = 1, and J ij

ms = Jms . Furthermore, if dipole approximation is used

then Jms = Jdp and we have ~F 0
ij = ~F ij , i.e. the original Hamiltonian Eq. 10.1

is recovered from Eq. 11.7.

11.2 Results

For our numerical study of the � H (M ; � M ) method's reliabilit y, we assumea

Gaussiandistribution D(H S) of width � for a two-dimensionaltriangular lattice

comprising of total N grains. Di�eren t systemssizesranging from N = 502

to 1002 have been studied to estimate �nite-size inaccuracies. In our model

Hamiltonian, J ij
ex , J ij

ms , H , HS and � all have dimensionsof energy. And we set

� = 1 to be the unit of energy.

The randomnessin J ij
ex is explicitly varied by tuning Rex , the relative width
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of D(J ij
ex). In our simulation, we tune Rex from 0 up to 0.2. Note that for

a GaussianD(J ij
ex) with positive mean, the ratio Rex = � (J ij

ex)=hJ ij
ex i � 0:2 is

generally small enough for probabilit y of �nding negative J ij
ex to be negligible

and, therefore, the exchangecoupling is always ferromagnetic in our simulations.

The randomnessin J ij
ms is implicitly varied by tuning the RHT parameter P

from 0 up to 1.2. Correspondingly, the relative width of the grain volume

distribution D(v), i.e. Rv � � (vi )=hvi i � 0:17P, is tuned from 0 to 0.2. Note

that 0 � Rex � 0:2 and 0 � Rv � 0:2 are the parameter rangesthat are relevant

for typical recording media. We set the grain height d = 2a. In calculating

magnetostatic interactions, Eq. 11.3is usedfor grainswith distancer < r c = 20a

and Eq. 11.5 is usedotherwise. We set the lattice spacinga = 1 to be the unit

of length.

For every pre-de�ned randomnessparameter set (P; Rex), we tune both Jms

and Jex . Note that Jms denotesthe magnetostatic coupling strength between

two grains in the long distance and P = 0 limit. Jex is mean value of the

intro duced D(J ij
ex). We calculate the complete set of M (H )-curves (both the

saturation hysteresisloop and recoil curves), from which � H (M ; � M ) data sets

are then extracted.

11.2.1 M (H ) curv es

The results displayed in Fig. 3.3 show several speci�c examples.The simulated

M (H ) curvesare shown in the left column. It is clearly seenthat increasingthe

strength of magnetostatic interaction Jms shearsthe hysteresisloops substan-

tially as expected. The right column display the corresponding � H (M ; � M )

curves. The solid lines are the numerically extracted results from the simulated

M (H ) curves while the dotted lines denote the mean-�eld behavior according

to the expressionof � H G (M ; � M ). Comparing Fig. 3.3(d1), (e1) and (f1),

we �nd that magnetostatic interactions of intermediate strength make the sys-

tem most mean-�eld like and consequently the � H (M ; � M ) method is most

reliable there, corroborating our earlier result. [59] On the other hand, com-

paring Fig. 3.3(e1) with Fig. 3.3(e2), we �nd that the presenceof randomness

in Jms and Jex slightly change the system behavior from mean-�eld like and

consequently decreasesthe reliabilit y of the � H (M ; � M ) method somewhat.

11.2.2 Reliabilit y Measures

We calculated a least-squares�t to � H G (M ; � M ) for the numerically extracted

� H (M ; � M ) data for each parameter set of (P; Rex ; Jms ; Jex). From these�ts,

we then computed both Pd and R2. The results are shown in contour plots in

Fig. 11.8 and 11.9.

From the numerically extracted � H (M ; � M ) data, the deviation from re-

dundancy measureis directly calculated without the need for any data �tting.

The results are shown in contour plots in Fig. 11.10.
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Con tour plots

The overall shape of the contour plots in the absenceof interaction randomness

has been qualitativ ely explained by the interaction compensation e�ect. [59]

From the model Hamiltonian Eq. 11.7, weknow that the inter-granular exchange

interactions are ferromagnetic (FM) and short-range while the magnetostatic

interactions are anti-ferromagnetic (AFM) and long-range. The competition

betweenthe two \opp osite" interaction tendencieswill yield a variety of system

behaviors. The key point is that only when Jms is comparable with Jex can

the magnetostatic and exchange interactions cancel most. Consequently , the

system is most mean-�eld like and the � H (M ; � M ) method is most reliable

there. This parameter range is called the interaction compensation region or

equivalently the reliabilit y range of the � H (M ; � M ) method. Individually

increasing either one will make the � H (M ; � M ) method less reliable, while

increasing both of them with proper strength ratio will substantially extend

the reliabilit y range. This explains why the overall contour shape is nearly

symmetric along the direction with Jms=Jex � constant . The slight tilt of the

ellipseupwards results from the fact that only the nearestneighbor interactions

are compensated, but not the total interaction �elds. Due to its long-range

nature the total magnetostatic �eld actually dominates the exchange. However,

due to the almost perfect suppressionof the nearestneighbor interactions in this

case,the correlation processesthat producedeviations from mean-�eld behavior

are e�ectiv ely suppressed. This suggeststhat the � H (M ; � M ) method can

clearly cope with higher magnetostatic interactions than exchangeinteractions,

in agreement with previous micromagnetic tests. [9]

Upon looking at the resulting structures in Figs. 11.8, 11.9, 11.10, we notice

that the overall contour shape is nearly symmetric along the Jms=Jex = 3 direc-

tion. Note that in our previous study wherethe dipole approximation wasused,

we found the contour plot to be nearly symmetric along the Jdp =Jex = 1 direc-

tion. From the Eq. 10.1we notice that if Jdp =Jex = 1, the exchangeand dipolar

interactions will cancel exactly for the nearest-neighboring grains, which have

~r ij = 1. This partially explains why the contour plot is nearly symmetric along

the Jdp =Jex = 1 direction. In contrast to theseearlier studies, we considerhere

the exact magnetostatic interaction (Ums) instead of dipole interaction approxi-

mation (Udp ) for grains that are closeto each other. In the caseof d=a= 2, our

calculation demonstratesthat the dipoleapproximation is rather unreliable with

Udp =Ums � 3 for the nearest neighbor grains (~r ij = 1). Correspondingly, Jms

needsto be about three times the sizeof Jex to compensatethe nearestneighbor

grain interactions in the proper magnetostatic calculations. This explains why

the contour is nearly symmetric along the Jms=Jex = 3 direction.

Secondly, we �nd that with increasingrandomnessin the couplings, the re-

liabilit y range shrinks slightly but in a well-de�ned fashion. To quantify the

shrink, one can de�ne a critical value for each reliabilit y measure,above which
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this method is su�cien tly accurate. For example,we might de�ne P c
d = � 0:04,

R2
c = 0:99, r c = 0:012 to be the critical value for Pd , R2 and r , respectively.

Theseparticular contours will be referredto asthe critical contours, and marked

with thick solid lines in our plots. We �nd that the areasof thesecritical con-

tours keep decreasingupon increasing randomnessin exchange and magneto-

static couplings. Moreover, in the limit that P = 0, i.e. uniform grain volumes

and uniform magnetostatic couplings, the shrink of the critical contours upon

increasing Rex is faster than the P > 0 cases. Similarly, in the limit that

Rex = 0, i.e. no randomnessin the exchangecouplings, the shrink of the critical

contours upon increasingP is faster than the Rex > 0 cases.This behavior can

be understood as above using the interaction compensation e�ect argument. In

the caseof one interaction type being uniform, the probabilit y of cancelingthe

contributions from the nearestneighbor interactions is smaller than the caseof

both interaction types being random. Becauseeven though the �rst moment

contributions from exchangeand magnetostatic interactions might be equal, the

secondand higher moments of the coupling constant distributions will not be.

In other words exact cancellation for nearest neighbors is very unlikely in this

case. However, in caseof random exchange and magnetostatic coupling con-

stants, there exists a possibility for cancellation of even higher order moment

contributions. Therefore, it is expectedthat the presenceof randomnessin both

interaction typescanactually improve performanceof the � H (M ; � M ) method

comparedto caseswith either one interaction type being uniform.

Correlations

Overall, the contour plots of the three reliabilit y measuresshow very similar fea-

tures, which indicates that there could be correlations with each other. More-

over, as mentioned above, the deviation-from-redundancy measure r can be

directly calculated from data sets alone without the need for any data �tting.

Knowledgeof a possiblecorrelation betweenthe �t-qualit y measure(either R2

or Pd ) and the deviation-from-redundancy measurer will enablethe estimation

of the suitabilit y of the � H (M ; � M ) method even without any data �tting.

Considering this, we plot R2 vs. r , Pd vs. r and R2 vs. � Pd for the complete

data set of di�eren t (P; Rex ; Jms ; Jex), seeFig. 11.11. In order to show the trend

more clearly, only three setsof (P; Rex) are shown here.

From Fig. 11.11(a) (or (b)), we �nd that in the absenceof random couplings,

i.e (P; Rex) = (0; 0), the data points fall onto a fairly well-de�ned curve, in the

high R2 or low jPd j range, where the utilization of the � H (M ; � M ) method

is sensibleand accurate. This indicates that R2 and Pd are highly correlated

with r in the regime where these quantities matter, corroborating our earlier

result. [59] One now has a criterion that enablesa judgment on the usefulness

and reliabilit y of any � H (M ; � M )-data set evaluation. In practice, onesimply

determines the r value from experimental or modeling data sets, looks up the
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expected precision with the help of the correlation plots Fig. 11.11 and then

decidesif a further data analysis is warranted or not. This procedure can be

termed as the r -parameter quality control.

Upon adding randomnessinto Jex and Jms through increasing Rex and P,

the Pd vs. r (or R2 vs. r ) correlation is approximately preserved but the curve is

slightly shifted to right. Also, the data spreadhas increasedslightly illustrated

by the increasing error bars. This right shift in the r -dependenceof the �t

qualities simply re
ects the fact that increasing Rex and P causesan elevated

level of redundancy suppression,even though the � H (M ; � M ) method still

works well and gives precise �t parameters. This right shift also means that

the r -parameter quality control still works and producesan even more stringent

quality control test in the presenceof non-uniform couplings.

From Fig. 11.11(c), we �nd that the data points fall onto fairly well-de�ned

curvesin spite of the presenceof non-uniform couplings. This indicates that R2

and Pd are highly correlated with each other and this correlation is not a�ected

by the randomnessof couplings.

11.3 Summary

In summary, we developed an interacting random hysteron model, which self-

consistently accounts for the local variations of exchange and magnetostatic

interactions and their correlations with the geometrical distribution of grains

in magnetic recording media. We used the so developed model to generate

hysteresisloop data for di�eren t interaction magnitudes and di�eren t amounts

of the randomnessand performed an identi�cation analysisaimed at extracting

intrinsic switching �eld distribution from the hysteresisloops. The conventional

� H (M ; � M ) -methodology has beenusedas an extraction tool. We �nd that,

even in the presenceof locally varying exchange and magnetostatic couplings,

the switching �eld distribution canbe determinedby meansof the � H (M ; � M )

method, however, with a somewhat reduced accuracy. The strong and robust

correlations among the reliabilit y measuresgivesa natural r -parameter quality

control procedure, which can be utilized as a criterion to decide if a full scale

data-analysis is warranted, even in the caseof non-uniform couplings.
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Figure 11.7: Using GaussianD(HS) with width � = 1:0 to calculate the M (H )
and � H (M ; � M ) curves on a 2D triangular lattice with N = 502 grains and
Jex = 0:4. (a1,� � � ,f1) P = 0, Rex = 0. (a2,� � � ,f2) P = 1:2, Rex = 0:2.
(a1,d1;a2,d2) Jms = 0:01. (b1,e1;b2,e2)Jms = 1:2. (c1,f1;c2,f2) Jms = 2:5.
(a1-b1-c1;a2-b2-c2)M (H ) curves: main loop and 5 recoil curves. (d1-e1-f1;d2-
e2-f2) � H (M ; � M ) curves for the �v e recoil curves: (solid lines) numerical
result; (dotted lines) mean-�eld approximation. Here M (or � M ) is normalized
to the saturation value M S = N and H (or � H ) is normalized to the coercive
�eld HC .
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Figure 11.8: P and Rex dependent contour plots of the reliabilit y measurePd.
The critical contour with P c

d = � 0:04 is marked with thick solid lines.
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Figure 11.9: P and Rex dependent contour plots of the reliabilit y measureR2.
The critical contour with R2

c = 0:99 is marked with thick solid lines.
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Figure 11.10: P and Rex dependent contour plots of the reliabilit y measurer .
The critical contour with r c = 0:012 is marked with thick solid lines.
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App endix A

Algorithms

A.1 Droplet Analysis

The Droplet Analysis code was originally developed by A. A. Middleton for the

full 3D RFIM solution code. It takes ASCII description of spin con�gurations

and outputs their \cluster" and \domain" descriptions and the depth of the

con�guration. Here, \clusters" are simply connectedregions while \domains"

are the volumesenclosedby the domain walls. Domains incorporate subdomains

in their structure. The number of levelsof nesting of the spin clusters is de�ned

to be the \depth" of the full spin con�guration. Here is a 2D example:

Figure A.1: ASCII description of spin con�guration of a 2D lattice. The symbol
`1' (`0') indicates an up (down) spin. Domain walls are indicated by dotted lines.

The result of the Droplet Analysis code follows:

cluster_count: (up/down) volume/surface/boxvol/maxdim

0: (0) 16/12/25/5

1: (1) 8/16/9/3

2: (0) 1/4/1/1

Domain_count: (up/down) volume/surface/boxvol/maxdim

1: (1) 9/12/9/3

2: (0) 1/4/1/1

Depth=2

This spin con�guration has 3 clusters, of volume(size) 16, 8, and 1, with

surface areas of 12, 16, and 4 (4 nearest neighbors in 2D) respectively, and
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maxdim (maximal lengths) of 5, 3, and 1, and \b ox volumes" (volumeof smallest

box enclosingthe cluster) of 25, 9, and 1.

The domainswould be the \in�nite" outer domain (chosento be the largest

cluster), which is NOT reported. What is reported is the �rst domain wall

(volume and box volume of 9, surface area 12, and linear dimension 3), the

seconddomain wall (surrounding the central spin) of area4, and value 1 for the

volume, box volume and dimension. The nesting of spin clusters can also be

seenhere. And the depth is 2.

For each simply connectedcluster, its volume v is just the sizeof the cluster,

i.e. the number of spinsin this cluster, which excludesthe volumeof the possible

\holes" of opposite spin. The surfacearea a of the cluster is de�ned to be the

number of unsatis�ed nearestneighbor bonds that separatethe cluster from its

surrounding region of opposite spin, which includes the surfaceof the possible

\holes" of opposite spin.

For each domain, its volume is de�ned as the number of spins that are en-

closedby the outermost surfaceof the domain (treating the possibleholesinside

as if they were �lled). And the surface area is just the area of the outermost

surface,i.e. it doesnot include the surfaceof subdomains.

It is trivial to get the connectedcluster information for a given spin con�g-

uration. However, it is not easyto get the domain wall information due to the

possible subdomains, i.e. \holes". In the Droplet Analysis code, the domain

walls are determined by working recursively inwards from the majorit y (down)

spin cluster. This is doneby labeling all connectedspin clusters. The algorithm

follows:

1. Determine and label all connected spin clusters (trace out droplet sur-

faces).

2. Start from the largest cluster with index Q and volume Qvol . Relabel it

with index � 1.

3. While Qvol (number of spinswith index � 1) is lessthan the systemvolume

V ,

(a) Find all the clusters whoseindicesare NOT � 1. Theseclusters form

domainsand they could haveholes(di�eren t spin values)inside them-

selves.

(b) Determine their volume and surfacearea. Report these(in this way,

we get the domain volume and domain surfacein this depth).

(c) In this depth, �nd all the connectedclusters (samespin value) which

are touching with the cluster of index � 1. Add their volume to Qvol

(though not samespin value with the cluster of index � 1) and relabel

those connectedclusters with index � 1.

(d) depth++.
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(e) Do (a) until Qvol = V , i.e. until we get the deepest level.

Note that herewe have assumedthat the spin value of the majorit y cluster is

down and the majorit y cluster is the outermost cluster. For spin con�gurations

that this condition is not valid, special attention should be given to get the

correct domain wall information.
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A.2 Hysteresis Lo op

A.2.1 Hysteresis Lo op without long-range in teractions

Kuntz et al. developed three di�eren t algorithms to study the ztne-RFIM based

on the single-spin-
ip dynamic rule | spin 
ips when its local �eld changessign.

Due to the inherent sequential nature of the dynamics and the absenceof ther-

mal 
uctuations, all these algorithms have a basic algorithmic loop: scanning

the lattice for nucleation sites and then propagating an avalanche.

The three algorithms in order of increasing complexity are: brute-force ,

sorted-list and bits .

� The brute-force searches through the entire lattice with N sites to �nd

each nucleation site (A nucleation site is the next unstable spin in the

external driving �eld is raisedadiabatically slowly). Sincethere are O(N )

avalanches in a saturation hysteresis loop, the runtime scaling for the

brute-force algorithm is O(N 2).

� The sorted-list algorithm usesa clever pointer construct to �nd nucleation

events that diminishes the number of operations each spin is involved in

from O(N ) to O(1) during the simulation. As a result, the asymptotic

run-time scaling of the sorted-list algorithm is due to the sorting of the

list (i.e., O(N logN )).

� The bits algorithm was developed to minimize the amount of memory

required in the simulation. It achieves this by taking advantage of the

fact that, in the saturation loop, it is not necessaryto store the random

�elds of the spins. Instead they can be generated,when needed,at the

interface of propagating fronts. The asymptotic runtime scaling for the

bits algorithm is �xed by the search for nucleation events and is bounded

below by O(N logN ). Despite being comparable in asymptotic scaling

to the sorted-list algorithm the bits algorithm is, in practice, signi�cantly

slower than the sorted list algorithm but allows for roughly 8X larger

system sizes.

E�ciency in the simulation of the ztne-RFIM is borne out of the nearest

neighbor only interaction and the correspondingly local relaxations to metastable

states. Moreover, for monotonic �eld histories a spin, once 
ipp ed, neednever

be 
ipp ed again. This property has beentaken advantage of by Kuntz et al. in

thesealgorithms.

Brute-F orce

The brute-force algorithm is the easiestoneto implement and is competitiv e for

systemsizesup to about 10,000spins. In this method, we store a spin direction

and a random �eld for each site of the lattice.

104



Figure A.2: Use a FIFO queueto propagate avalanche (related to cluster 
ips
in Wol� algorithm).

This algorithm follows:

1. Find the triggering spin for the next avalanche by checking through the

lattice for the un
ipp ed site with the largest internal �eld hin t
i = he�

i � H .

2. Increment the external �eld so it is just large enoughto 
ip the site, and

push the spin onto a �rst-in �rst-out (FIF O) queue.

3. Pop the top spin o� the queue.

4. If the spin has not been 
ipp ed, 
ip it and push all un
ipp ed neighbors

with positive local �elds onto the queue.

5. While there are spins on the queue,repeat from step 3.

6. Repeat from step 1 until all spins are 
ipp ed.

The FIFO queueand a propagating avalanche are shown in Fig. A.2.

Sorted-List

The brute force method is very ine�cien t at locating the origin of the next

avalanche, and we are immediately led to think of storing the several largest

local �elds in each sweep. If we take this thinking to its logical conclusion,

we are led to store a list of all of the spins in the system, sorted according

to their random �elds. Unfortunately, life is complicated by the fact that spins

experiencenot only their local random �elds, but also�elds from their neighbors.

Case1: Zero sweeprate(
 = 0).

Beginning the simulation of the saturation loop with all spinspointing down,

the sorted-list algorithm consistsof the following:

1. Initialize an array of N double variables representing the local random

�eld of the N = L d spins on the hypercubic lattice. Sort the array by

increasingrandom �eld.

2. De�ne an array nextPossible[n" ], n" = 0; 1: : : z, which points to the lo-

cation in the sorted list of the next spin which would 
ip if it had n"

neighbors. Initially , all the elements of nextPossible[n" ] point to the spin

with the largest local random �eld, hi .
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3. Choosefrom the z + 1 spins pointed to by nextPossible, the one with the

largest total local �eld. The total local �eld will be negative becausethe

external �eld has not beenincreasedsincestep 2.

4. Move the pointer nextPossible[n" ] selectedin step 3 to the next spin on

the sorted list.

5. If that spin actually has n" up neighbors, increment the �eld to just 
ip

that spin, push the spin onto a �rst in �rst out (FIF O) queue,and hence

nucleatean avalanche. If not, to go back to step 3. It is important to note

here that this step is the only step in which the external �eld H changes.

6. Pop spin o� the FIFO queue.

7. If the spin has not been 
ipp ed, 
ip it and push all un
ipp ed neighbors

with positive local �elds onto the queue.

8. As long as the size of the FIFO queueis greater than zero, loop back to

step 6.

9. Repeat from step 2 until all spins in the lattice are 
ipp ed.

To ensurethat the temporal 
ip order is maintained, an end of shell (EOS)

marker is pushedonto the FIFO queueto keeptrack of the order in which the

spins are 
ipp ed. For example, supposethat the nucleating spin occurs at tn .

The spins it causesto 
ip at tn +1 are pushed onto the queue followed by an

EOS marker m1. After the spins that 
ip at tn +1 are popped o� the queueand

potentially causeother spinsto 
ip, m1 is popped of the queueand m2 is pushed

on. The spins now in the queuerepresent the spins that 
ipp ed due to shell 2.

Surprisingly the asymptotic scaling derivesfrom the �rst step of the algorithm.

Sorting the list of N random �elds takesO(N logN ) time stepswhile all other

aspects of the algorithm scale,at most, with the system size,O(N ).

Case2: Finite sweeprate(
 > 0).

When the external �eld is allowed to increaseduring the propagation of an

avalanche the basic algorithmic loop has to be modi�ed. The purely sequential

and local dynamics forced by the nearest neighbor interaction and adiabatic

increasein the external �eld are replaced by a hybrid dynamics in which the

external �eld can nucleate other avalanches throughout the lattice as causally

related avalanches propagate. Fortunately the sorted-list algorithm was eas-

ily augmented to allow for this change. The modi�ed algorithm for the �nite

sweeprate,sorted-list algorithm is as follows:

1. Initialize an array of N double variables representing the local random

�eld of the N = L d spins on the hypercubic lattice. Sort the array by

increasingrandom �eld.
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2. De�ne an array nextPossible[n" ], n" = 0; 1: : : z, which points to the lo-

cation in the sorted list of the next spin which would 
ip if it had n"

neighbors. Initially , all the elements of nextPossible[n" ] point to the spin

with the largest local random �eld, hi .

3. Choosefrom the z + 1 spins pointed to by nextPossible, the one with the

largest total local �eld.

4. Move the pointer nextPossible[n" ] selectedin step 3 to the next spin on

the sorted list.

5. If that spin actually hasn" up neighbors and the spin 
ip queueis empty,

increment the �eld to just 
ip that spin, push the spin onto a FIF O queue

(nucleate a pulse), and push an EOS marker on the queue. If not, to go

back to step 3. If that spin actually has n" up neighbors and the spin 
ip

queueis not empty; if the �eld required to 
ip that spin is lessthan the

current �eld, push the spin on the FIFO queue (nucleate an avalanche)

and go back to step 3; If the �eld required to 
ip that spin is greater than

the current �eld, do not push the spin on the FIFO queuebut do push a

EOS marker on the queueand continue.

6. Pop shell o� the FIFO queuespin by spin. Increment the external �eld

by 
 � t, where the �eld sweeprate is again 
 = dH=dt.

7. If the spins in the shell have not been 
ipp ed, 
ip them and push all

un
ipp ed neighbors with positive local �elds onto the queue.

8. As long as the size of the FIFO queueis greater than zero, loop back to

step 2.

9. Repeat from step 2 until all spins in the lattice are 
ipp ed.

Inside a pulse, the time proceedsin unit increments (� t = 1). The time

betweenpulses,however, is obtained by taking the di�erence betweenthe �eld at

the conclusionof a pulseand the �eld at the nucleation of the next (determined

in the samemanner as the sorted list algorithm) and dividing by the sweeprate.

The potential time shift in the \clo ck" of the simulation between avalanches

has no e�ect on the pulse size and duration distributions. This augmentation

maintains all of the bene�ts of the ztneRFIM KS co de in the adiabatic limit.

The asymptotic scaling is unchangedand the di�erence betweenthe actual run-

times of the adiabatic and the �nite sweepratecode was negligible.

A.2.2 Hysteresis Lo op with long-range in teractions

We consider the dipolar random-�eld Ising model in 2D at zero temperature.

H = � Jex

X

<i;j >

si sj + Jdp

X

i 6= j

si sj

r 3
ij

�
X

i

�
H + hi � Jdm M

�
si (A.1)
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The terms on the RHS are, in sequence:the nearest-neighbor exchange inter-

action term (ferromagnetic), the long-rangedipolar interaction term (antiferro-

magnetic), the external �eld interaction term, the random-�eld term, the in�nite

rangedemagnetization �eld term. Here, the long-rangedipolar interactions can

be calculated with the Lekner formalism. For details, seeApp. B.

The local e�ectiv e �eld experiencedby spin i is given by

he�
i � H + hi + Jex

X

<j > i

sj � Jdp

X

j 6= i

sj

r 3
ij

� Jdm M (A.2)

The system state is consideredto be stable when each spin is directed ac-

cording to the sign of the local e�ectiv e �eld he�
i . So the stabilit y condition can

be written as

si he�
i > 0 (A.3)

This algorithm used to calculate the lower branch of the hysteresisloop at

zero temperature follows (the upper branch can be similarly calculated):

1. Check the stabilit y condition.

(a) If the state is stable, �nd the triggering spin for the next avalanche

by checking through the lattice for the un
ipp ed site with the largest

internal �eld H in t
i = he�

i � H . Increment the external �eld H so it is

just large enoughto 
ip the site.

(b) If the state is unstable, search the lattice to �nd the most unstable

spin, i.e. the unstable spin with the largest absolute value of the

e�ectiv e local �eld.

And push the spin onto a �rst-in �rst-out (FIF O) queue.

2. Pop the top spin o� the queue.

3. (a) If the spin has not been
ipp ed and it is unstable now, 
ip it.

(b) If we have 
ipp ed the spin, but now it is unstable now, 
ip it back.

And update H in t for all spins. Loop over the spin's nearestneighbors and

push them onto the queueif they are unstable.

4. While there are spins on the queue,repeat from step 3.

5. While the system state is unstable, repeat from step 1(b).

6. Repeat from step 1(a) until all spins are 
ipp ed.
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Figure A.3: A simple network with 5 vertices. The dotted line shows a (s,t)-cut,
which separatesthe network into two parts: S and �S.

A.3 Ground State Calculation

The mapping of the RFIM GS problem to a min-cut/max-
o w problem has

beenwell established. The following derivation is basedon Eq.6.12-6.15of Ch.6

in Ref. [39].

A.3.1 Map RFIM onto a net work

A network can be written as N = (G; C; s; t). Here G = (V; E) is a directed

graph with n+ 2 vertices. C : V � V ! R +
0 are the capacitiesof the edges(i; j ) 2

E with C(i; j ) = 0 if (i; j ) =2 E. The vertices s; t 2 V are the sourceand sink of

the network, respectively. For convenience,we use V = 0; 1; 2; � � � ; n; n + 1 to

mark the n+ 2 vertices,wheres � 0 and t � n+ 1. Also, we de�ne Cij = C(i; j ).

The vertices in Vnf s; tg are called inner vertices. Edgesconnecting only inner

vertices are called inner edges. SeeFig. A.3.

A (s,t)-cut separatesthe network into two parts: S and �S. The capacity of

this cut is de�ned as

C(S; S) �
X

i 2 S;j 2 S

Cij (A.4)

For example, as shown in Fig. A.3, the capacity of that cut is just C(S; S) =

Cs2 + C13. A minimum cut means that it is a cut among all cuts which has

minimum capacity. It is also the bottleneck of the 
o w. Each 
o w must pass

the edgescrossing an arbitrary cut, especially the minimum cut. Therefore,

the minimum cut capacity is an upper bound for the 
o w. This is the max-


o w/min-cut theorem. In Fig. A.3, supposethe cut is the minimum cut with

capacity Cs2 + C13, then f max = Cs2 + C13 is the max 
o w of the network.
For a general(s,t)-cut, wecande�ne a binary vector X = (x0; x1; � � � ; xn ; xn +1 )
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with x i = 1 (or 0) for i 2 S (or S). Obviously, one has x0 = 1 and xn +1 = 0.
The binary variable x i enablesus to transform it to an Ising spin si = � 1. Then
the capacity of this cut can be written as

C(X ) � C(S; S) =
X

i 2 S;j 2 S

Cij =
n +1X

i;j =0

x i (1 � x j ) Cij

= �
n +1X

i;j =0

Cij x i x j +
n +1X

i =0

 
n +1X

j =0

Cij

!

x i

= �

"

C00 x0x0 +
nX

j =1

C0j x0x j + C0;n +1 x0xn +1

+
nX

i =1

Ci 0x i x0 +
nX

i;j =1

Cij x i x j +
nX

i =1

Ci;n +1 x i xn +1

+ Cn +1 ;0xn +1 x0 +
nX

j =1

Cn +1 ;j xn +1 x j + Cn +1 ;n +1 xn +1 xn +1

#

+

"  

C00 +
nX

j =1

C0j + C0;n +1

!

x0 +
nX

i =1

 

Ci 0 +
nX

j =1

Cij + Ci;n +1

!

x i

+

 

Cn +1 ;0 +
nX

j =1

Cn +1 ;j + Cn +1 ;n +1

!

xn +1

#

= �

"
nX

j =1

C0j x j +
nX

i =1

Ci 0x i +
nX

i;j =1

Cij x i x j

#

+

"
nX

j =1

C0j + C0;n +1 +
nX

i =1

�
Ci 0 +

nX

j =1

Cij + Ci;n +1

�
x i

#

= �
nX

i;j =1

Cij x i x j +
nX

i =1

�
� C0i + Ci;n +1 +

nX

j =1

Cij

�
x i +

nX

i =1

C0i + C0;n +1

= �
nX

i;j =1

Cij
si + 1

2
sj + 1

2
+

nX

i =1

�
� C0i + Ci;n +1 +

nX

j =1

Cij

� si + 1
2

+
nX

i =1

C0i + C0;n +1

= �
1
4

nX

i;j =1

Cij si sj �
1
4

nX

i;j =1

Cij si �
1
4

nX

i;j =1

Cij sj �
1
4

nX

i;j =1

Cij

+
nX

i =1

�
� C0i + Ci;n +1

� si

2
+

1
2

nX

i;j =1

Cij si +
1
2

nX

i =1

(� C0i + Ci;n +1 )

+
1
2

nX

i;j =1

Cij +
nX

i =1

C0i + C0;n +1

= �
1
4

nX

i;j =1

Cij si sj +
1
4

nX

i;j =1

Cij (si � sj ) +
1
4

nX

i;j =1

Cij +
nX

i =1

(� C0i + Ci;n +1 )
si

2

+
1
2

nX

i =1

(C0i + Ci;n +1 ) + C0;n +1

= �
1
4

X

i<j

(Cij + Cj i )si sj +
nX

i =1

"

�
1
2

C0i +
1
2

Ci;n +1 +
1
4

nX

j =1

(Cij � Cj i )

#

si

+
1
4

X

i<j

(Cij + Cj i ) +
1
2

nX

i =1

(C0i + Ci;n +1 ) + C0;n +1 (A.5)
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where we have usedthe fact that si = � 1 and

x i =
si + 1

2
(A.6)

nX

i;j =1

Cij =
X

i<j

(Cij + Cj i ) (A.7)

nX

i;j =1

Cij (si � sj ) =
nX

i;j =1

(Cij � Cj i )si (A.8)

As mentioned above, the minimum of the (s,t)-cut capacity is actually the

max 
o w which can 
o w through the network. Now we comparethe last line of

Eq. A.5 with the Hamiltonian of a general random ferromagnet:

H = �
X

i<j

J ij � i � j si sj �
X

i

hi � i si (A.9)

with � i = 0; 1 and J ij � 0. We have the mapping rule immediately:

� J ij � i � j = �
1
4

(Cij + Cj i ) (A.10)

� hi � i = �
1
2

C0i +
1
2

Ci;n +1 +
1
4

nX

j =1

(Cij � Cj i ) (A.11)

0 =
1
4

X

i<j

(Cij + Cj i ) +
1
2

nX

i =1

(C0i + Ci;n +1 ) + C0;n +1 (A.12)

According to Eq. A.10, we can let

Cij �

(
0 i � j

4J ij � i � j i < j
(A.13)

Sincefor a network only non-negative capacitiesare allowed, the bond values

have to be non-negative as well. This is also the reasonwhy this mapping fails

for the spin glassbut works for the random-bond ferromagnet.

According to Eq. A.11, we de�ne an auxiliary �eld

wi � � 2hi � �
1
2

nX

j =1

(Cij � Cj i ) = � C0i + Ci;n +1 (A.14)

then

C0i = 0; Ci;n +1 = wi if wi > 0

C0i = � wi ; Ci;n +1 = 0 if wi < 0 (A.15)
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Figure A.4: A small random-�eld Ising magnet. There are 4 spins coupled via
ferromagnetic interactions (J12 = J13 = J24 = J34 = J = 1). The local random
�elds are h1 = 0; h2 = � 2d;h3 = 2d and h4 = 0.

According to Eq. A.12, we de�ne

C0;n +1 � �
1
4

X

i<j

(Cij + Cj i ) �
1
2

nX

i =1

(C0i + Ci;n +1 ) (A.16)

Now all the capacities(C0i ; Ci;n +1 ; Cij and C0;n +1 ) are de�ned. The ground

state energy of the random ferromagnet is mapped onto the max-
o w of an

equivalent network. Note that the capacity C0;n +1 of the edgemay be positive

or negative. But actually it doesnot matter, sincethis edgecrossesevery (s; t)-

cut of the network. Therefore, we can remove it from the network just at the

beginning. Once the capacity of the minimum cut, i.e. the max 
o w of the

network, has beenobtained, we add the value of C0;n +1 to get the ground state

energy of the corresponding system. If we just need the ground state, then we

needn't considerC0;n +1 at all.

A.3.2 A Simple Example: without frozen spins

As an example, we look at a small random-�eld system, which is shown in

Fig. A.4. There are four Ising spins arranged in a square, with ferromagnetic

coupling of strength J = 1 and without periodic boundary conditions. The local

random �elds have the valuesh1 = 0; h2 = � 2d;h3 = 2d and h4 = 0.

Now we construct an equivalent network. It contains n = 4 inner nodes,one

for each spin, and additionally one source0 and one sink n + 1 = 5. According

to the transformation rules Eq. A.13, we have the capacitiesof the inner edges.

C12 = 4J12 = 4J

C13 = 4J13 = 4J

C24 = 4J24 = 4J

C34 = 4J34 = 4J

Cij = 0 for all other cases1 � i; j � 4 (A.17)
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Figure A.5: The network obtained for the system from Fig. A.4 for the case
d = 0. Vertex 0 is the source and vertex 5 is the sink. The capacities are
denoted next to each edges.The edgeconnectingsourceand sink is not shown.
For reasons,seethe text.

According to Eq. A.14, the auxiliary �elds wi are given by

w1 = � 2h1 � 1
2

P
j (C1j � Cj 1) = � 2h1 �

1
2

(C12 + C13) = � 2h1 � 4J = � 4J

w2 = � 2h2 � 1
2

P
j (C2j � Cj 2) = � 2h2 �

1
2

(C24 � C12) = � 2h2 � 0 = 4d

w3 = � 2h3 � 1
2

P
j (C3j � Cj 3) = � 2h3 �

1
2

(C34 � C13) = � 2h3 � 0 = � 4d

w4 = � 2h4 � 1
2

P
j (C4j � Cj 4) = � 2h4 �

1
2

(� C24 � C34) = � 2h4 + 4J = 4J

(A.18)

We then calculate the capacitiesof the edgesconnecting the inner nodesto

the sourceand the sink. Supposed = 0, sow2 = w3 = 0, according to Eq. A.15,

we have

C01 = 4J; C15 = 0

C02 = 0; C25 = 0

C03 = 0; C35 = 0

C04 = 0; C45 = 4J (A.19)

And due to Eq. A.16, we have C05 = � 8J . The resulting network is shown

in Fig. A.5.

A.3.3 A Simple Example: with frozen spins

If there are frozen spins, the problem might look somewhatcomplicated. How-

ever, by reorganizingthe terms in the Hamiltonian, we �nd that the frozenspins

just have two e�ects. First, they reducethe degreesof freedomof the system,i.e

we obtain a smaller e�ectiv e system. Second,for those spins which are nearest

neighbors of the frozen spins, their local random �elds are e�ectiv ely shifted:

h0
i = hi � J nf

i . Here nf
i is the number of spin i 's frozen nearest neighbors and
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Figure A.6: A small random-�eld Ising magnet as shown in Fig. A.4. The only
di�erence is that spin 1 to set to be up, i.e. s1 = +1.

`+'(` � ') represents freezing up(down) spins. For the smaller e�ectiv e system,

we can do the mapping again and use the push-relabel algorithm to �nd the

GS.

For example, now we freezespin 1 to be up, i.e. let s1 = +1. What is the

equivalent network? For this tiny system, we can write down the Hamiltonian

directly.

H = � J
X

hi;j i

si sj �
X

i

hi si

= � J [s1s2 + s1s3 + s2s4 + s3s4] � [h1s1 + h2s2 + h3s3 + h4s4]

= � J [s2s4 + s3s4] � [h1s1 + (h2 + J s1)s2 + (h3 + J s1)s3 + h4s4]

= � J [s2s4 + s3s4] � [h0
2s2 + h0

3s3 + h0
4s4] � h1s1

= � J [s2s4 + s3s4] � [h0
2s2 + h0

3s3 + h0
4s4] + const (A.20)

with

h0
2 = h2 + J s1

h0
3 = h3 + J s1

h0
4 = h4 (A.21)

By reorganizing the terms in the Hamiltonian, the e�ect of the frozen spin

can be seenclearly. First, it reducesthe degreesof freedom of the system, i.e

we obtain a smaller e�ectiv e system. Second,for those spins which are nearest

neighbors of the frozen spin, their local random �elds are e�ectiv ely shifted:

h0
i = hi + J ni " (A.22)

with ni " the number of spin i 's up nearest neighbors. Similarly, with frozen

down spins,

h0
i = hi � J ni # (A.23)
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Figure A.7: The e�ectiv e random-�eld Ising magnet as shown in Fig. A.6.

For convenience,we intro ducea new set of index to mark the spins, i.e we set

a 1-1 mapping betweenthe old spin index (2,3,4) and the new index (1',2',3'):

2 $ 10; 3 $ 20; 4 $ 30

h0
2 $ h10; h0

3 $ h20; h0
4 $ h30

(A.24)

SeeFig. A.7. Then the Hamiltonian of the new system can be written as:

H = � J
X

hi 0;j 0i

si 0sj 0 �
X

i 0

hi 0si 0 (A.25)

Now we construct the equivalent network. It contains n = 3 inner nodes,one

for each spin, and additionally one source0 and one sink n + 1 = 4. According

to the transformation rules Eq. A.13, we have the capacitiesof the inner edges.

C1030 = 4J1030 = 4J

C2030 = 4J2030 = 4J

Ci 0j 0 = 0 for all other cases1 � i 0; j 0 � 3 (A.26)

According to Eq. A.14, the auxiliary �elds wi 0 are given by

w10 = � 2h10 �
1
2

X

j 0

(C1j 0 � Cj 01) = � 2h10 �
1
2

(C1030) = 4d � 4J

w20 = � 2h20 �
1
2

X

j 0

(C2j 0 � Cj 02) = � 2h20 �
1
2

(C2030) = � 4d � 4J

w30 = � 2h30 �
1
2

X

j 0

(C3j 0 � Cj 03) = � 2h30 �
1
2

(� C1030 � C2030) = 4J

(A.27)

In the cased = 0, we have w10 = w20 = � 4J and w30 = 4J . According to
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Figure A.8: The network obtained for the system from Fig. A.6 for the case
d = 0. Vertex 0' is the source and vertex 4' is the sink. The capacities are
denoted next to each edges.The edgeconnectingsourceand sink is not shown.
For reasons,seethe text.

Eq. A.15, we have

C0010 = 4J; C1040 = 0

C0020 = 4J; C2040 = 0

C0030 = 0; C3040 = 4J (A.28)

And due to Eq. A.16, we have C0040 = � 8J . The resulting network is shown

in Fig. A.8.
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Figure A.9: A more complicated 
o w network (bottom) mapped from RFIM on
a squarelattice (top).
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App endix B

Lekner formalism

The long-rangedipolar interaction in the random-�eld Ising model is calculated

by a direct space summation method based on the Lekner formalism. The

method is useful for the numerical study of the the perpendicular recording

media and ferroelectrics.

B.1 Mo del

Considera simple lattice of Ising spinswith periodic boundary conditions. There

is a quenched random �eld hi at each lattice site. Spins interact with each

other by meansof exchangeand dipolar interactions and experiencea uniform

external �eld H . The ferromagnetic exchange interactions have strength Jex

betweeneach spin and its nearestneighbors. The long-rangedipolar interactions

betweeneach spin pair have strength Jdp . The Hamiltonian of the system can

be written as:

H = � Jex

X

<i;j >

Si � Sj � Jdp

X

i 6= j

3(Si � r̂ ij )(Sj � r̂ ij ) � Si � Sj

r 3
ij

�
X

i

(H + h i ) � Si

(B.1)

where r ij = jr ij j = jr i � r j j and r̂ ij = r ij =rij , with r i and r j the positions of

spin i and spin j in the lattice, respectively. 1 Assumethat the magnetization

directions of all the Ising spinsarealways parallel or antiparallel with the applied

external �eld and the quenched random �elds, then the Hamiltonian can be

simpli�ed as

H = � Jex

X

<i;j >

Si Sj � Jdp

X

i 6= j

3cos2 � ij � 1
r 3

ij
Si Sj �

X

i

(H + hi )Si (B.2)

with � ij the angle betweenSi and the vector r ij . We denote our model as the

dipolar random-�eld Ising model (DRFIM).

In numerical simulation, we use periodic boundary condition to eliminate

boundary e�ects. In other words, the central unit cell of the simulation is peri-

odically repeated to in�nit y in all the dimensions. This will not causeany trou-

1Let � i (� j ) be the angle between Si (Sj ) and r ij . Tw o cases: (1) Si is anti-parallel with
Sj , then � i = � � � j = � ij ; (2) Si is parallel with Sj , then � i = � j = � ij . In both cases,we
have 3(Si � r̂ ij )( Sj � r̂ ij ) = 3Si Sj cos2 � ij where Si ; Sj = � 1.
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ble for the short-range, i.e. nearest-neighboring, exchangeinteraction. However,

we have to pay more attention to the long-rangedipolar interaction. We need

to take into account all the imagecells,seeApplied/App endix/Lekner/Fig. B.1.

Consider two particular Ising spins at r i and r j in the central cell. The dipolar

interaction energy

Udp = � Jdp

X

i 6= j

3cos2 � ij � 1
r 3

ij
Si Sj (B.3)

has to be calculated as

Udp = � Jdp

X

i;j

Si Sj

X 0

C

3cos2 � ij � 1
jr ij + Cj3

� � Jdp

X

i;j

Si Sj F (r ij ): (B.4)

Here the sum over vector C indicates the sum over all the cells.

C =
 !
V � n = (a; b; c) � n =

0

B
@

ax bx cx

ay by cy

az bz cz

1

C
A �

0

B
@

nx

ny

nz

1

C
A (B.5)

with nx ; ny ; nz integersand vectorsa; b; c the lattice vectorsof the unit cell. In

two-dimension, assumingthe lattice vector a is along the x̂ direction, the cell

vector C can be written as

C = (a; b) � n =

 
ax bx

ay by

!

�

 
l

m

!

=

 
L x L y cos 

0 L y sin  

!

�

 
l

m

!

(B.6)

with L x and L y the dimensionsof the unit cell and  the angle between the

lattice vectors a and b. (Note that hereafter we replacenx , ny ,� � � by l ,m,� � � .)

Particularly , for squareunit cell ( = � =2) and rhombus unit cell with  = � =3

(seeFig. B.1 (left) and (right)), L x = L y = L, we have

C � =

 
l

m

!

L (B.7)

and

C } =

 
l + 1

2 m
p

3
2 m

!

L (B.8)

respectively. (Thereafter, we will denote square unit cell with � and rhobus

unit cell with } .)

The prime on the C-summation in Eq. B.4 indicates that this sum is over all

imagesof spins j except C = 0 if j = i becausewe assumethat spin i interacts

with all its periodic images,but not, of course,with itself.

The Hamiltonian Eq. B.2 is further simpli�ed as

H = �
X

i

�
H + hi + Jex

X

< j > i

Sj � Jdp

X

j

Sj F (r ij )
�

Si : (B.9)
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ji
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0

Figure B.1: Schematic top view of a two-dimensional system with periodic
boundary conditions used in the simulations to calculate the contribution to
the dipolar interaction between particle j (and all its images j 0) and particle
i . Particles are not necessaryto be set on regular lattice sites. Here only
8 image cells are drawn. But in real simulations, to calculate the long-range
interactions, we need to consider all the image cells, i.e n = (nx ; ny ) with
nx ; ny = 0; � 1; � 2; � � � . (Left) Squarecentral cell  = � =2. (Right) Rhombus
central cell  = � =3.

And the local e�ectiv e �eld to which spin i is exposedcan be written as

he�
i = H + hi + Jex

X

<j > i

Sj � Jdp

X

j

Sj F (r ij ) (B.10)

which enablesus to calculate the M (H ) curve with the brute-force algorithm.

But we have to pay attention to the fact that the no-passingrule is broken here,

due to the presenceof the anti-ferromagnetic long-range dipolar interactions.

We can seethat from Eq. B.10. If spin j 
ip up (Sj = � 1 ! +1), the e�ectiv e

�eld experiencedby spin i will decreaseby amount 2Jdp F (r ij ), which may cause

spin i 
ip back.

Now we consider four di�eren t cases.

B.1.1 2D: square unit cell and H ? x̂, H ? ŷ

This is used to model the perpendicular recording media. Obviously, we have

cos� ij = 0 (because� ij = � =2). We de�ne dimensionlessmeasuresof the

displacements betweenspin-i and spin-j : x i � x j = � ij L and yi � yj =

� ij L with 0 < j� j; j� j < 1. Plug Eq. B.7 into Eq. B.4, we have

Udp = Jdp

X

i;j

Si Sj F (r ij ) = Jdp L � 3
X

i;j

Si Sj F �
? (� ij ; � ij ) (B.11)

with

F �
? (� ; � ) �

1X 0

l ;m = �1

1

[(� + l)2 + (� + m)2]
3
2

: (B.12)

Here the prism indicates that we omit the l = m = 0 term if � = � = 0.
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It is easyto prove the following symmetries of F �
? (� ; � ):

F �
? (� ; � ) = F �

? (� ; � ) (B.13)

F �
? (� ; � ) = F �

? (� � ; � � ) (B.14)

F �
? (� ; � ) = F �

? (� � ; � ) = F �
? (� ; � � ) (B.15)

F �
? (� ; � ) = F �

? (� ; n � � ) = F �
? (n � � ; � ) = F �

? (n � � ; n � � ) with n 2 Z

(B.16)

Those symmetries will be extensively used in our calculations. SeeSec. B.3.1

for details.

B.1.2 2D: rhom bus unit cell and H ? x̂, H ? ŷ

For a general rhombus unit cell with L x = L y = L, plug Eq. B.6 into Eq. B.4,

we have

Udp = Jdp

X

i;j

Si Sj F (r ij ) = Jdp L � 3
X

i;j

Si Sj F? (� ij ; � ij ) (B.17)

with

F? (� ; � ) �
1X 0

l ;m = �1

1

[(� + l + � m)2 + (� + 
 m)2]
3
2

: (B.18)

Here � � cos , 
 � sin  , and the prism again indicates that we omit the

l = m = 0 term if � = � = 0.

Note that for general (6= � =2), Eq. B.13 is not true. But we can show that

F? (� ; � ) = F? (� � ; � � ) (B.19)

F? (� ; � ) = F? (n + � ; � ) with n 2 Z (B.20)

F? (� � ; � ) = F? (� ; � � ) (B.21)

Interestingly, for  = � =3 (or 2� =3), we can show that

F }
? (� ; � ) = F }

? (� � ; � ) (B.22)

F }
? (� ; � ) = F }

? (� ; � � ) (B.23)

SeeSec.B.2.2 for proof. Those exchangesymmetrieswill be extensively usedin

our calculation. SeeSec.B.3.1 for details.

B.1.3 2D: square unit cell and H k ŷ

In this case,cos� ij = y j � y i

r ij
. With the samede�nitions of � and � , we have

Udp = Jdp

X

i;j

Si Sj F (r ij ) = �
X

i;j

Jdp Si Sj L � 3 F �
k (� ij ; � ij ) (B.24)
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with

F �
k (� ; � ) �

1X 0

l ;m = �1

3(� + m)2 � [(� + l)2 + (� + m)2]

[(� + l)2 + (� + m)2]
5
2

(B.25)

Note that F �
k (� ; � ) does not have the � $ � exchange symmetry. But the

other symmetries, i.e. Eq. B.15 and B.16 are still valid for F �
k (� ; � ).

B.1.4 3D: cubic unit cell and H k ẑ

In this case,cos� ij = zj � zi

r ij
. As the de�nitions of � and � , we de�ne dimension-

lessmeasureof the displacements between spin-i and spin-j in the ẑ-direction

as zi � zj = � L with j� j < 1. Then we have

Udp = Jdp

X

i;j

Si Sj F (r ij ) = �
X

i;j

Jdp Si Sj L � 3 Fz (� ij ; � ij ; � ij ) (B.26)

with

Fz (� ; � ; � ) �
1X 0

l ;m;n = �1

3(� + n)2 � [(� + l)2 + (� + m)2 + (� + n)2]

[(� + l)2 + (� + m)2 + (� + n)2]
5
2

(B.27)

It is easy to check that Fz (� ; � ; � ) has the � $ � exchange symmetry and

� $ n � � , � $ n � � , � $ n � � symmetries, which will be extensively usedin

our calculation.

B.2 Lekner formalism

The summation over the cells, i.e. Eq. B.12, B.18, B.25 and B.27 can be done

with the Lekner formalism. The conversion of thesesumsto rapidly convergent

onesproceedsvia three transformations, which are the key stepsof the Lekner

formalism.

1. The Euler transformation

1
x � =

1
�( � )

Z 1

0
dt t � � 1e� xt (� > 0): (B.28)
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2. The Poisson-Jacobiidentit y and its extensions2

+ 1X

l = �1

exp[� (� + l)2t] =
� �

t

� 1
2

+ 1X

l = �1

exp
�

�
� 2l2

t

�
cos(2� l � )

+ 1X

l = �1

(� + l) exp[� (� + l)2t] =
� �

t

� 3
2

+ 1X

l = �1

exp
�

�
� 2l2

t

�
sin(2� l � )l

+ 1X

l = �1

(� + l)2 exp[� (� + l)2t] =
1
2

� �
t3

� 1
2

+ 1X

l = �1

exp
�

�
� 2l2

t

�
cos(2� l � )

�
� �

t

� 5
2

+ 1X

l = �1

exp
�

�
� 2l2

t

�
cos(2� l � )l2:

(B.29)

3. An integral representation of the Besselfunction K �

Z 1

0
dt t � � 1 exp(� � 2l2=t � m2t) = 2

�
�

�
�
�
�

l
m

�
�
�
�

� �

K � (2� jlmj): (B.30)

B.2.1 2D: square unit cell and H ? x̂, H ? ŷ

Now we apply the Lekner formalism to Eq. B.12. For � 6= 0, � 6= 0. We have

F �
? (� ; � ) =

1X

l ;m = �1

1

[(� + l)2 + (� + m)2]
3
2

=
1X

l ;m = �1

1
�( 3

2 )

Z 1

0
dt t

1
2 expf� [(� + l)2 + (� + m)2]tg

=
1X

l ;m = �1

1
�( 3

2 )

Z 1

0
dt t

1
2

� �
t

� 1
2

exp(� � 2l2=t) cos(2� l � ) exp[� (� + m)2t]

=
1X

l ;m = �1

2cos(2� l � )
Z 1

0
dt exp[� � 2l2=t � (� + m)2t] (B.31)

where we have used�( 3
2 ) =

p
�

2 .

Evaluate the l = 0 part separately,

F �
? ;l =0 (� ; � ) =

X

m

2
Z 1

0
dt exp[� (� + m)2t] = 2

X

m

1
(� + m)2 =

2� 2

sin2(� � )
:

(B.32)

The last summation of the above equation can be done in two methods. See

Sec.B.3.2 for details.
2Note that in Eq. B.29, the index l in the RHS is simply the index of a (geometrical)

series. Wile the index l in the LHS is related to the periodic images along x- or y-axis. They
are completely independent of each other. In fact, all periodic images along a chosen axis
contribute to any terms of the series in RHS. For details, seeRef. [63] Sec I I.
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For the l 6= 0 part,

F �
? ;l 6=0 (� ; � ) =

X

l 6=0

X

m

2cos(2� l � )
Z 1

0
dt exp[� � 2l2=t � (� + m)2t]

= 2
X

l > 0

X

m

2cos(2� l � ) 2
�

�

�
�
�
�

l
� + m

�
�
�
�

� 1

K 1(2� jl (� + m)j)

= 8�
X

l > 0

l cos(2� l � )
X

m

1
j� + mj

K 1(2� l j� + mj): (B.33)

So we have

F �
? (� ; � ) =

2� 2

sin2(� � )
+ 8�

X

l > 0

l cos(2� l � )
X

m

1
j� + mj

K 1(2� l j� + mj) (B.34)

Note that if we apply the Poisson-Jacobiidentit y to the m-sum in the deriva-

tion of Eq. B.31, we will have

F �
? (� ; � ) =

2� 2

sin2(� � )
+ 8�

X

m> 0

m cos(2� m� )
X

l

1
j� + l j

K 1(2� mj� + l j) (B.35)

The � $ � symmetry is clearly seen from the above two equations. More-

over, this symmetry is extremely important in the numerical implementation of

the Lekner formalism. The Lekner formalism is elegant and powerful because

the Besselfunctions decay fast. For example: K 0(x) !
p �

2x e� x as x ! 1 .

However, for small arguments of the Besselfunctions, the convergencesof the

above summations are very slow. Several di�eren t procedureshave been pro-

posed to overcome this problem, seeSec. B.3.6 for details. The simplest one

is the so-called\Lekner-cyclic" method, i.e. switching between the two repre-

sentations of summations (Eq. B.34 and Eq. B.35) so that the argument in the

Besselfunctions would be as large as possible. This allows us to achieve fast

convergence.

We should pay attention to the special case� = � = 0, where the Lekner-

cyclic method fails. Actually , we have to re-derive the formula based on the

Lekner formalism. The result is shown here.

F �
? (0; 0) = 2� (3) + 4� (2) + 16�

X

l > 0

X

m> 0

m
l

K 1(2� ml ) ' 9:0336: (B.36)

For details of this derivation, seeSec.B.3.3.

B.2.2 2D: rhom bus unit cell and H ? x̂, H ? ŷ

When the unit cell is not a square (L x 6= L y ) or does not have a rectangular

shape ( 6= � =2), the Lekner summations have beenproposedin [31,15,55,32].
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For � 6= 0, � 6= 0. We have

F? (� ; � ) =
1X

l ;m = �1

1

[(� + l + � m)2 + (� + 
 m)2]
3
2

=
1X

l ;m = �1

1
�( 3

2 )

Z 1

0
dt t

1
2 expf� [(� + l + � m)2 + (� + 
 m)2]tg

=
X

m

1
�( 3

2 )

Z 1

0
dt t

1
2

"
X

l

expf� ( ~� m + l)2tg

#

expf� (� + 
 m)2tg

=
1

�( 3
2 )

X

m

Z 1

0
dt t

1
2

"
� �

t

� 1
2 X

l

exp(� � 2l2=t) cos(2� l ~� m )

#

� expf� (� + 
 m)2tg

= 2
X

l

X

m

cos(2� l ~� m )
Z 1

0
dt exp[� � 2l2=t � (� + 
 m)2t] (B.37)

where ~� m � � + m.

Evaluate the l = 0 part separately,

F? ;l =0 (� ; � ) =
X

m

2
Z 1

0
dt exp[� (� + 
 m)2t] = 2

X

m

1
(� + 
 m)2 =

2� 2


 2 sin2(� � =
 )
:

(B.38)

Here we have usedthe result of Eq. B.32.

For the l 6= 0 part,

F? ;l 6=0 (� ; � ) = 2
X

l 6=0

X

m

cos(2� l ~� m ) 2
�

�

�
�
�
�

l
� + 
 m

�
�
�
�

� 1

K 1(2� jl (� + 
 m)j)

= 8�
X

l > 0

X

m

cos(2� l (� + � m))
l

j� + 
 mj
K 1(2� l j� + 
 mj):(B.39)

So we have

F? (� ; � ) =
2� 2


 2 sin2(� � =
 )
+ 8�

X

l > 0

X

m

cos(2� l (� + � m))
l

j� + 
 mj
K 1(2� l j� + 
 mj)

(B.40)

Generally speaking, F? (� ; � ) will not be an even function of � (or � ). Square

unit is an exception. But we can prove that for  = � =3 (or 2� =3), F? (� ; � )

is an even function of � . The proof is simple by observing that for  = � =3,

� = cos = 1=2, so

cos(2� l (� + � m)) = cos(2� l � + ml � ) = � cos(2� l � ) (B.41)

with + =� for even/odd lm. Obviously, this is an even function of � , so we have

F }
? (� ; � ) = F }

? (� � ; � ) (B.42)
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x̂

ŷ

0

�

 

ŷ0

x̂0

a

b

Figure B.2: Rotate the coordinate systemsto usethe Lekner-cyclic method.

Together with the general result Eq. B.21, we have

F }
? (� ; � ) = F }

? (� ; � � ) (B.43)

as we claimed in Sec.B.1.2.

Note that Eq. B.40 does not apply to � = 0. Moreover, the convergence

will be very slow for � ! 0. Unfortunately, we cannot apply the Poisson-Jacobi

identit y to the m-sum in the derivation, simply becausem shows up in two

places: (� + l + � m)2 and (� + 
 m)2. The deepreasonis that the � $ � symmetry

is generallybroken. Therefore, the Lekner-cyclic method \fails". However, with

a simple rotation tric k [32, 25], the Lekner-cyclic method survives. The tric k

is using the new x0y0 coordinate system that is obtained by counterclockwise

rotating the xy coordinate systemabout the z axis through an angle� = � =2�  ,

seeFig. B.2.

After the rotation, the coordinates (x; y) becomes

 
x0

y0

!

=

 
cos� � sin �

sin � cos�

!  
x

y

!

=

 

 � �

� 


!  
x

y

!

:

So we have  
� 0

� 0

!

=

 

 � �

� 


!  
�

�

!

: (B.44)
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and the lattice vectors

a = L x̂ = L(
 x̂0+ � ŷ 0)

b = L(� x̂ + 
 ŷ ) = L ŷ 0 (B.45)

So

F? (� ; � ) �
1X 0

l ;m = �1

1

[(� + l + � m)2 + (� + 
 m)2]
3
2

(B.46)

=
1X 0

l ;m = �1

1

[(� 0+ 
 l)2 + (� 0+ � l + m)2]
3
2

(B.47)

� F 0
? (� 0; � 0)

= F? (� 0; � 0): (B.48)

The last equation is due to the l $ m symmetry clearly seenfrom Eq. B.46

and B.47. Simply exchanging l and m and replacing � and � by � 0 and � 0 in

Eq. B.40, we have

F? (� ; � ) =
2� 2


 2 sin2(� � 0=
 )
+8 �

X

m> 0

X

l

cos(2� m(� 0+ � l))
m

j� 0+ 
 l j
K 1(2� mj� 0+ 
 l j):

(B.49)

Now switching betweenthe two representations of summations(Eq. B.40 and

Eq. B.49) allows us to achieve fast convergence. The naive switching criterion

would be comparing � with � 0, if � < � 0, we useEq. B.49 and vice versa 3.

For the special case� = � = 0, we have

F? (0; 0) = 2� (3) +
4

 2 � (2) + 16�

X

m> 0

X

l > 0

l

 m

K 1(2� l 
 m) cos(2� l � m): (B.50)

For details, seeSec.B.3.4.

B.2.3 2D: square unit cell and H k ŷ

Now we apply the Lekner formalism to Eq. B.25.

F �
k (� ; � ) �

X

l

X

m

3(� + m)2 � [(� + l)2 + (� + m)2]

[(� + l)2 + (� + m)2]
5
2

We usetwo methods.

Metho d I

F �
k (� ; � ) = �

X

m

[1 + � 0 @
@� 0]f (� ; � 0) (B.51)

3This criterion is naive becausethe oscillating cos() functions will complicate the calcula-
tions.

127



with � 0 � � + m and

f (� ; � 0) �
X

l

1

[(� + l)2 + � 02]
3
2

=
2

� 02 + 8�
X

l > 0

cos(2� l � )
l

j� 0j
K 1(2� l j� 0j): (B.52)

wherewe have usedthe result in deriving F �
? (� ; � ). With the recurrenceformu-

las for modi�ed Besselfunction, (seeSec.B.3.5), one can derive that

F �
k (� ; � ) =

X

m

 
2

� 02 + 8�
X

l > 0

cos(2� l � )
�

l
j� 0j

K 1(2� l j� 0j) + 2� l2K 0(2� l j� 0j)
� !

= F �
? (� ; � ) + 16� 2

X

l > 0

X

m

l2 cos(2� l � )K 0(2� l j� + mj) (B.53)

Metho d I I

F �
k (� ; � ) =

X

l

X

m

 
3(� + m)2

[(� + l)2 + (� + m)2]
5
2

�
1

[(� + l)2 + (� + m)2]
3
2

!

(B.54)

Note that the 2nd term is just F �
? (� ; � ). So we focus on the 1st term:

X

l

X

m

3(� + m)2

[(� + l)2 + (� + m)2]
5
2

=
X

l

X

m

3(� + m)2

�( 5
2 )

Z 1

0
dt t

3
2 exp

�
� [(� + l)2 + (� + m)2]t

	

=
X

l

3
�( 5

2 )

Z 1

0
dt t

3
2

(
X

m

(� + m)2 exp
�
� (� + m)2t

�
)

exp
�
� (� + l)2t

�

=
X

l

3
�( 5

2 )

Z 1

0
dt t

3
2 exp

�
� (� + l)2t

�

�

(
1
2

� �
t3

� 1
2 X

m

e� � 2 m 2 =t cos(2� m� ) �
� �

t

� 5
2 X

m

m2e� � 2 m 2 =t cos(2� m� )

)

(B.55)

Note that the 1st term in Eq. B.55 is

3
�( 5

2 )
�

1
2

2

X

l

X

m

cos(2� m� )
Z 1

0
dt exp

�
� � 2m2=t � (� + l)2t

�

=
X

l

X

m

2cos(2� m� )
Z 1

0
dt exp

�
� � 2m2=t � (� + l)2t

�

= F �
? (� ; � ) (B.56)
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which cancelsthe 2nd term in Eq. B.54 exactly. So we have

F �
k (� ; � ) = � 4� 2

X

l

X

m 6=0

m2 cos(2� m� )
Z 1

0
dt t � 1 exp

�
� � 2m2=t � (� + l)2t

�

= � 4� 2
X

l

2
X

m> 0

m2 cos(2� m� )2
�

�

�
�
�
�

m
� + l

�
�
�
�

� 0

K 0(2� jm(� + l)j)

= � 16� 2
X

l

X

m> 0

m2 cos(2� m� )K 0(2� mj� + l j) (B.57)

We have checked that Eq. B.57 is consistent with Eq. B.53.

B.2.4 3D: cubic unit cell and H k ẑ

Now we apply the Lekner formalism to Eq. B.27.

Fz (� ; � ; � ) �
X

l

X

m

X

n

3(� + n)2 � [(� + l)2 + (� + m)2 + (� + n)2]

[(� + l)2 + (� + m)2 + (� + n)2]
5
2

To apply the Lekner formalism, we usefour methods.

Metho d I

Fz (� ; � ; � ) = �
X

n

[1 + � 0 @
@� 0]f (� ; � ; � 0) (B.58)

with � 0 � � + n and

f (� ; � ; � 0) �
X

l

X

m

1

[(� + l)2 + (� + m)2 + � 02]
3
2

=
X

l

X

m

1
�( 3

2 )

Z 1

0
dt t

1
2 exp

�
�

�
(� + l)2 + (� + m)2 + � 02�

t
	

= 2
X

l

X

m

cos(2� l � )
Z 1

0
dt exp

�
� � 2l2=t � [(� + m)2 + � 02]t

	

(B.59)

Evaluate the l = 0 part:

f l =0 (� ; � ; � 0) =
X

m

2
(� + m)2 + � 02 =

2�
� 0

sinh(2� � 0)
cosh(2� � 0) � cos(2� � )

: (B.60)
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The detail of the last line is shown in Sec.B.3.2 (Eq. B.78). For the l 6= 0 part:

f l 6=0 (� ; � ; � 0) = 2
X

l 6=0

X

m

cos(2� l � )2
�

�

�
�
�
�

l

[(� + m)2 + � 02]
1
2

�
�
�
�

� 1

�K 1(2� l [(� + m)2 + � 02]
1
2 )

= 8�
X

l > 0

X

m

cos(2� l � )
l

[(� + m)2 + � 02]
1
2

�K 1(2� l [(� + m)2 + � 02]
1
2 ) (B.61)

Now plug Eq. B.60 and Eq. B.61 into Eq. B.58 and di�eren tiate them w.r.t � 0,

we have

Fz (� ; � ; � ) = 4� 2
X

n

cos(2� � ) cosh(2� (� + n)) � 1
[cos(2� � ) � cosh(2� (� + n))] 2

� 8�
X

l > 0

X

m

X

n

cos(2� l � )
l

[(� + m)2 + (� + n)2]
3
2

�
�

[(� + m)2 � (� + n)2]K 1(� ) � (� + n)2�K 0(� )
	

(B.62)

with � = 2� l [(� + m)2 + (� + n)2]
1
2 .
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Metho d I I

Note that in the calculation of f (� ; � ; � 0), if we apply the Poisson-Jacobiidentit y

to both l and m summations, we have

f (� ; � ; � 0) �
X

l

X

m

1

[(� + l)2 + (� + m)2 + � 02]
3
2

=
X

l

X

m

1
�( 3

2 )

Z 1

0
dt t

1
2 exp

�
�

�
(� + l)2 + (� + m)2 + � 02�

t
	

=
1

�( 3
2 )

Z 1

0
dt t

1
2

"
� �

t

� 1
2 X

l

e� � 2 l 2 =t cos(2� l � )

#

�

"
� �

t

� 1
2 X

m

e� � 2 m 2 =t cos(2� m� )

#

e� � 02 t

=
�

�( 3
2 )

Z 1

0
dt t � 1

2

"

1 + 2
X

l > 0

cos(2� l � )e� � 2 l 2 =t

#

�

"

1 + 2
X

m> 0

cos(2� m� )e� � 2 m 2 =t

#

e� � 02 t

=
�

�( 3
2 )

n Z 1

0
dt t � 1

2 e� � 02 t + 2
X

l > 0

cos(2� l � )
Z 1

0
dt t � 1

2 e� � 02 t � � 2 l 2 =t

+2
X

m> 0

cos(2� m� )
Z 1

0
dt t � 1

2 e� � 02 t � � 2 m 2 =t

+4
X

l > 0

X

m> 0

cos(2� l � ) cos(2� m� )
Z 1

0
dt t � 1

2 e� � 02 t � � 2 ( l 2 + m 2 )=t
o

=
2�
j� 0j

n
1 + 2

X

l > 0

cos(2� l � )e� 2� l j � 0j + 2
X

m> 0

cos(2� m� )e� 2� m j � 0j

+4
X

l > 0

X

m> 0

cos(2� l � ) cos(2� m� )e� 2� ( l 2 + m 2 )
1
2 j � 0j

o
(B.63)

wherewehaveusedthe fact that
R1

0 dt t � 1
2 e� � 02 t =

p
�

j � 0j and K 1
2
(z) =

�
�
2z

� 1
2 e� z .

The single sumsare readily evaluated as the real part of a geometric series:

1X

l =1

cos(2� l � )e� 2� l j � 0j = Re

(
1X

l =1

e� 2� l ( j � 0j+ i� )

)

=
Z cos(2� � ) � 1

Z 2 � 2Z cos(2� � ) + 1

(B.64)
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with Z = e2� j � 0j . Then we have

Fz (� ; � ; � ) = �
X

n

[1 + � 0 @
@� 0]f (� ; � ; � 0)

= 8� 2
n X

n

Z
hZ 2 cos(2� � ) � 2Z + cos(2� � )

(Z 2 � 2Z cos(2� � ) + 1)2

+
Z 2 cos(2� � ) � 2Z + cos(2� � )

(Z 2 � 2Z cos(2� � ) + 1)2

i

+2
X

n

X

l > 0

X

m> 0

(l2 + m2)
1
2 Z � ( l 2 + m 2 )

1
2 cos(2� l � ) cos(2� m� )

o

(B.65)

I have checked that Eq. B.62 and Eq. B.65 give the sameresult.

Metho d I I I

Fz (� ; � ; � ) =
X

l

X

m

X

n

 
3(� + n)2

[(� + l)2 + (� + m)2 + (� + n)2]
5
2

�
1

[(� + l)2 + (� + m)2 + (� + n)2]
3
2

!

(B.66)

For the 2nd term, if we apply the Poisson-Jacobiidentit y to the n sum, we will

get

2
X

l

X

m

X

n

cos(2� n� )
Z 1

0
dt exp

�
� � 2n2=t � [(� + l)2 + (� + m)2]t

	
(B.67)
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Now we consider the 1st term in Eq. B.66:

X

l

X

m

X

n

3(� + n)2

[(� + l)2 + (� + m)2 + (� + n)2]
5
2

=
X

l

X

m

X

n

3(� + n)2

�( 5
2 )

Z 1

0
dt t

3
2 exp

�
� [(� + l)2 + (� + m)2 + (� + n)2]t

	

=
X

l

X

m

3
�( 5

2 )

Z 1

0
dt t

3
2

(
X

n

(� + n)2 exp
�
� (� + n)2t

�
)

exp
�

� [(� + l)2 + (� + m)2]t
	

=
X

l

X

m

3
�( 5

2 )

Z 1

0
dt t

3
2 exp

�
� [(� + l)2 + (� + m)2]t

	

�

(
1
2

� �
t3

� 1
2 X

n

e� � 2 n 2 =t cos(2� n� ) �
� �

t

� 5
2 X

n

n2e� � 2 n 2 =t cos(2� n� )

)

= 2
X

l

X

m

X

n

cos(2� n� )
Z 1

0
dt exp[� � 2n2=t � [(� + l)2 + (� + m)2]t]

� 4� 2
X

l

X

m

X

n

n2 cos(2� n� )

Z 1

0
dt t � 1 exp[� � 2n2=t � [(� + l)2 + (� + m)2]t] (B.68)

Note that the 1st term in Eq. B.68 will cancelexactly Eq. B.67, so we have

Fz (� ; � ; � ) = � 4� 2
X

l

X

m

X

n

n2 cos(2� n� )

�
Z 1

0
dt t � 1 exp

�
� � 2n2=t � [(� + l)2 + (� + m)2]t

	

= � 4� 2
X

l

X

m

X

n 6=0

n2 cos(2� n� )

�
Z 1

0
dt t � 1 exp

�
� � 2n2=t � [(� + l)2 + (� + m)2]t

	

= � 4� 2
X

l

X

m

2
X

n> 0

n2 cos(2� n� ) 2K 0

�
2�

�
�
�n[(� + l)2 + (� + m)2]

1
2 ]

�
�
�
�

= � 16� 2
X

l

X

m

X

n> 0

n2 cos(2� n� ) K 0

�
2�

�
�
�n[(� + l)2 + (� + m)2]

1
2 ]

�
�
�
�

(B.69)

This is the simplest expressionfor Fz (� ; � ; � ).
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Metho d IV

Fz (� ; � ; � ) = +
X

l

X

m

X

n

2(� + n)2

[(� + l)2 + (� + m)2 + (� + n)2]
5
2

�
X

l

X

m

X

n

(� + l)2

[(� + l)2 + (� + m)2 + (� + n)2]
5
2

�
X

l

X

m

X

n

(� + m)2

[(� + l)2 + (� + m)2 + (� + n)2]
5
2

� 2A � � B � � C� (B.70)

Then we evaluate A � ,B � , C� separately. Actually , they have already beeneval-

uated in method I and method I I. We have

A � =
1
3

X

m

2�
(� + m)

sinh(2� (� + m))
(cosh(2� (� + m)) � cos(2� � ))

+
8�
3

X

l

X

m

X

n> 0

n cos(2� n� )[( � + l)2 + (� + m)2]�
1
2

�K 1(2� n[(� + l)2 + (� + m)2]
1
2 )

+
16� 2

3

X

l

X

m

X

n> 0

n2 cos(2� n� )K 0(2� n[(� + l)2 + (� + m)2]
1
2 )

(B.71)

B � =
1
3

X

n

2�
(� + n)

sinh(2� (� + n))
(cosh(2� (� + n)) � cos(2� � ))

+
8�
3

X

n

X

m

X

l > 0

l cos(2� l � )[( � + n)2 + (� + m)2]�
1
2

�K 1(2� n[(� + n)2 + (� + m)2]
1
2 )

+
16� 2

3

X

n

X

m

X

l > 0

l2 cos(2� l � )K 0(2� l [(� + n)2 + (� + m)2]
1
2 )

(B.72)

C� =
1
3

X

l

2�
(� + l)

sinh(2� (� + l))
(cosh(2� (� + l)) � cos(2� � ))

+
8�
3

X

l

X

n

X

m> 0

m cos(2� m� )[( � + l)2 + (� + n)2]�
1
2

�K 1(2� m[(� + l)2 + (� + n)2]
1
2 )

+
16� 2

3

X

l

X

n

X

m> 0

m2 cos(2� m� )K 0(2� m[(� + l)2 + (� + n)2]
1
2 )

(B.73)

Summaryof Fz (� ; � ; � ). I havederivedfour di�eren t expressions,eq. Eq.B.62,

B.65, B.69, B.70. Numerical tests show that only method I and method I I are
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Figure B.3: Spins or particles (red points) within the unit cell (shown in blue
lines). (Left) Spins are set on regular lattice sites. Squareunit cell  = � =2.
(Middle) Spinsare set on regular lattice sites. Rhombus unit cell with  = � =3.
(Right) Spin positions randomly deviate from the regular lattice sites (grey
dots). Rhombus unit cell with  = � =3.

equivalent to each other. Method I I I and IV will give quite di�eren t results.

Further investigations will be necessaryto check the consistencyof the Lekner

formalism for dipolar interactions in 3D.

B.3 Some Details

B.3.1 Calculation of the F-matrix

Square lattice within square unit cell

Supposethat all spins sit on a L � L squarelattice (within the squareunit cell)

with the grid spacingset to be 1, seeApplied/App endix/Lekner/Fig. B.3(left).

Then the translation invariance plays a key role in saving the computing time

of the pair-wise dipolar interactions.

The coordinatesof thosespinscanbechosenfrom thosevalues: x i ; yi ; x j ; yj =

0; 1; 2; � � � ; L � 1 and therefore � ij ; � ij = � L � 1
L ; � L � 2

L ; � � � ; L � 2
L ; L � 1

L . Since

F (� ; � ) = F (j� j; j� j), so what we really needis just the F -matrix with elements

given by

Fmn = F
� m

L
;

n
L

�
(B.74)

with m; n = 0; 1; � � � ; L � 1.

Using the symmetry property of F (� ; � ), i.e. Eq.B.13 and B.16, will further

save the computing time. Due to Eq.B.13, we just needto calculate the upper

or lower triangle of the symmetric F � matrix. Due to Eq.B.16, the number of

rows (nr ) we need to calculate is L
2 + 1 for even L and L +1

2 for odd L . So the

total number of elements we need to calculate is just n r (1+ n r )
2 = L 2 +4 L +3

8 for

even L and L 2 +6 L +8
8 for odd L , seethe boxed elements shown in Eq. B.75 and

B.76. The running time of the F -matrix calculation in the caseof squareunit
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cell thus scalesas O(N ) with N = L 2 the system size.

0

B
B
B
B
@
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(B.75)
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(B.76)

Triangular lattice within rhom bus unit cell with  = � =3

For lattice within non-rectangular shape of unit cell, e.g. the triangular lattice

within the rhombus with angle = � =3, it is still possibleto usethe translation

invariance of the lattice and symmetric properties of F (� ; � ) to speed up the

calculation of the F -matrix.

SeeApplied/App endix/Lekner/Fig. B.3(middle), the coordinates of those

spins can be written as x i = m + � n, yi = 
 n with m; n 2 [0; L ) and � = 1=2,


 =
p

3=2. ConsideringEq. B.22 and B.23, we de�ne two new integer variables

X � 2L j� j = 2jx i � x j j and Y � 2L j� j=
p

3 = 2jyi � yj j=
p

3, then we only need

to calculate the F -matrix

FX Y = F

 
X
2L

;

p
3Y

2L

!

(B.77)

with X 2 [0; 3(L � 1)], Y 2 [0; (L � 1)]. F (� ; � ) = F (� � 1; � ) indicates F X Y =

FX � 2L;Y , which will further save the computing time. The running time of the

F -matrix calculation scalesas O(N ).

Note that for Y = 0 (� = 0), those elements with X � 2L (� � 1) will cause

divergence.4 Fortunately, those elements will not show up in our calculation

becauseif Y = 0 then the actual rangeof X is just [0; 2(L � 1)]. In other words,

if � = 0, then we must have � < 1.

Random spins within rhom bus unit cell with  = � =3

If spins' positions randomly deviate from the regular lattice sites, then the

translation invariance is broken, seeApplied/App endix/Lekner/Fig. B.3(right).

We have to seriouslyconsiderall the N (N � 1)=2 interaction pairs of spins. This

computing scalesas O(N 2) and is very expensive. Fortunately, spin positions

are �xed in all our studies, which means we need to calculate the F -matrix

4From Eq. B.49, we see that the �rst term diverges if � 0=
 2 Z. This happens in case of
� = 0 and � = 1.
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only once. We can store the result into a binary �le, which can be written/read

faster than the ASCII (or text) one. Then in our program we just read the

F -matrix into an array. The only problem is that this demandsbig memory

spaceof computer. For L = 100, the array needsabout 8� L 4 bytes � 0:745GB

memory.

B.3.2 Calculation of F? ;l=0 (� ; � )

Method I:

2
X

m

1
(� + m)2 = 2 lim

� ! 0

X

m

1
(� + m)2 + � 2

= lim
� ! 0

1
i�

X

m

�
1

� + m � i�
�

1
� + m + i�

�

= lim
� ! 0

1
i�

f � cot[� (� � i� )] � � cot[� (� + i� )]g

= lim
� ! 0

(2� =� ) sinh(2� � )
cosh(2� � ) � cos(2� � )

=
2� 2

sin2(� � )
(B.78)

where we have usedthe Mittag-Le�er expansionof a cotangent:

X

m

1
z + m

= � cot(� z): (B.79)

Method I I:

X

m

1
(� + m)2 =

X

m< 0

1
(� + m)2 +

X

m> 0

1
(� + m)2 +

1
� 2

=
X

m> 0

1
(m � � )2 +

X

m> 0

1
(m + � )2 +

1
� 2

=  1(1 � � ) +  1(1 + � ) +
1
� 2

=
�
�  1(� ) +

� 2

sin2(� � )

�
+

�
 1(� ) �

1
� 2

�
+

1
� 2

=
� 2

sin2(� � )
(B.80)
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where we have usedthe properties of the polygamma function  n (z):

 n (z) = (� 1)n +1 n!
+ 1X

k=0

1
(k + z)n +1 (B.81)

 n (1 + z) = (� 1)n +1 n!
+ 1X

k=1

1
(k + z)n +1 (B.82)

 n (1 + z) =  n (z) + (� 1)n n! z� n � 1 (B.83)

 n (1 � z) = (� 1)n  n (z) + (� 1)n �
dn

dzn cot(� z): (B.84)

B.3.3 Calculation of F �
? (0; 0)

Note that this special casecorresponds to the periodic repetition of particle i

itself givesdipolar interactions on the particle i in the central cell, which is the

so called self-energy. Since in the central cell the particle i does not interact

with itself, so in calculating F �
? (0; 0), the l = m = 0 term must be explicitly

excluded. The summation is then denoted as
P 0

l ;m (� � � ) =
P

l

P
m (� � � ) � (l =

m = 0 term). So we have

F �
? (0; 0) =

X 0

l ;m

1

(l2 + m2)
3
2

=
X

m< 0

X

l

1

(l2 + m2)
3
2

+
X

l 6=0

1
jl j3

+
X

m> 0

X

l

1

(l2 + m2)
3
2

= 2
X

l > 0

1
l3 + 2

X

m> 0

X

l

1

(l2 + m2)
3
2

= 2� (3) + 2S (B.85)

where � (n) is the Riemann zeta function:

� (n) =
1X

k=1

1
kn (B.86)

and

S �
X

m> 0

X

l

1

(l2 + m2)
3
2

(B.87)

which can be calculated with the Lekner formalism:

S =
X

m> 0

X

l

1

(l2 + m2)
3
2

=
X

m> 0

X

l

1
�( 3

2 )

Z 1

0
dt t

1
2 exp[� (l2 + m2)t]

=
X

m> 0

1
�( 3

2 )

Z 1

0
dt t

1
2

"
� �

t

� 1
2 X

l

exp(� � 2l2=t)

#

exp(� m2t)

=
X

m> 0

X

l

2
Z 1

0
dt exp

�
� � 2l2=t � m2t

�
(B.88)
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Evaluate the l = 0 part separately

Sl =0 =
X

m> 0

2
Z 1

0
dt exp(� m2t) = 2

X

m> 0

1
m2 = 2 � (2) (B.89)

For the l 6= 0 part,

Sl 6=0 =
X

m> 0

2
X

l > 0

2
Z 1

0
dt exp

�
� � 2l2=t � m2t

�

=
X

m> 0

2
X

l > 0

2 � 2
�

�

�
�
�
�

l
m

�
�
�
�

� 1

K 1(2� jlmj)

= 8�
X

m> 0

X

l > 0

l
m

K 1(2� lm) (B.90)

So

S = 2� (2) + 8�
X

m> 0

X

l > 0

l
m

K 1(2� lm) (B.91)

and

F �
? (0; 0) = 2� (3) + 4� (2) + 16�

X

m> 0

X

l > 0

l
m

K 1(2� lm): (B.92)

Note that � (2) = � 2=6 = 1:64493and � (3) = 1:20206. And F �
? (0; 0), which is

just a constant, can be numerically calculated. The result is

F �
? (0; 0) ' 9:0336 (B.93)

B.3.4 The calculation of F? (0; 0)

F? (0; 0) =
X 0

l ;m

1

(( l + � m)2 + (
 m)2)
3
2

=
X

l 6=0

1
jl j3

+
X

m< 0

X

l

1

(( l + � m)2 + (
 m)2)
3
2

+
X

m> 0

X

l

1

(( l + � m)2 + (
 m)2)
3
2

= 2
X

l > 0

1
l3 +

X

m> 0

X

l

1

(( l � � m)2 + (� 
 m)2)
3
2

+
X

m> 0

X

l

1

(( l + � m)2 + (
 m)2)
3
2

= 2� (3) + 2S (B.94)

where

S �
X

m> 0

X

l

1

(( l + � m)2 + (
 m)2)
3
2

(B.95)
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which can be calculated with the Lekner formalism:

S =
X

m> 0

X

l

1

(( l + � m)2 + (
 m)2)
3
2

=
X

m> 0

X

l

1
�( 3

2 )

Z 1

0
dt t

1
2 expf� [(l + � m)2 + (
 m)2)]tg

=
X

m> 0

1
�( 3

2 )

Z 1

0
dt t

1
2

"
� �

t

� 1
2 X

l

exp(� � 2l2t) cos(2� l � m)

#

exp[� (
 m)2t]

=
X

m> 0

X

l

2
Z 1

0
dt exp[� � 2l2=t � (
 m)2t] cos(2� l � m) (B.96)

Evaluate the l = 0 part separately

Sl =0 = 2
X

l > 0

Z 1

0
dt exp[� (
 m)2t] = 2

X

m> 0

1
(
 m)2 =

2

 2 � (2) (B.97)

For the l 6= 0 part,

Sl 6=0 = 4
X

m> 0

X

l > 0

Z 1

0
dt exp

�
� � 2l2=t � (
 m)2t

�
cos(2� l � m)

= 4
X

m> 0

X

l > 0

2
�

�

�
�
�
�

l

 m

�
�
�
�

� 1

K 1(2� jl 
 mj) cos(2� l � m)

= 8�
X

m> 0

X

l > 0

l

 m

K 1(2� l 
 m) cos(2� l � m) (B.98)

So

S =
2

 2 � (2) + 8�

X

m> 0

X

l > 0

l

 m

K 1(2� l 
 m) cos(2� l � m) (B.99)

and

F? (0; 0) = 2� (3) +
4

 2 � (2) + 16�

X

m> 0

X

l > 0

l

 m

K 1(2� l 
 m) cos(2� l � m): (B.100)

For  = � =3 (� = 1=2, 
 =
p

3=2) we have

F }
? (0; 0) ' 11:0342 (B.101)

B.3.5 Mo di�ed Bessel function of the second kind K n (z)

An integral formula for K � (z) is

K n (z) =
p

�
(n � 1

2 )!

� z
2

� n
Z 1

1
dt e� zt (t2 � 1)n � 1

2 (B.102)

So we have

K 1(z) = z
Z 1

1
dt e� zt (t2 � 1)

1
2 (B.103)

140



which can be numerically calculated.

Someuseful recurrenceformulas for K � (z):

K 0
� (z) = �

1
2

(K � � 1(z) + K � +1 (z)) (B.104)

K � +1 (z) = K � � 1(z) +
2�
z

K � (z) (B.105)

K 0
� (z) = � (K � � 1(z) +

�
z

K � (z)) (B.106)

B.3.6 Correct implemen tation of the Lekner summation

The Lekner summations have to be correctly implemented. Otherwise, a very

complicated bias may plague computations. [64] The origin of this bias is the

slow convergencerate of the modi�ed Besselfunctions astheir argument tend to

zero. Several di�eren t procedureshave beenproposedto overcomethis problem.

Lekner-cyclic metho d

Lekner-cyclic method meansswitching betweenthe two representations of sum-

mations (e.g. Eq. B.34 and Eq. B.35) so that the argument in the Besselfunc-

tions would be as large as possible. This allows us to achieve fast convergence.

But from numerical point of view, the Lekner summation has been criticized

due to a hidden parameter: the truncation cuto� parameter [63, 64]. Look at

Eq. B.34 and Eq. B.35. When doing numerical calculations, oneshould truncate

thesein�nite summations somewhere:

F �
? (� ; � ) =

2� 2

sin2(� � )
+ 8�

n cX

l =1

l cos(2� l � )
m =+ n kX

m = � n k

1
j� + mj

K 1(2� l j� + mj) (B.107)

F �
? (� ; � ) =

2� 2

sin2(� � )
+ 8�

n cX

m =1

m cos(2� m� )
l =+ n kX

l = � n k

1
j� + l j

K 1(2� mj� + l j)

(B.108)

Mazars pointed out that for given nc and nk , the above two equations may

have very di�eren t numerical values[64]. Therfore, the naive application of the

Lekner-cyclic symmetry may intro duce complicated bias [63].

To avoid this bias when using Lekner-cyclic method, we should usesophis-

ticated truncation scheme based on the following considerations: (1) Bessel

function cuto�: for x > 35, K 1(x) < 1:35� 10� 16 < 2:22� 10� 16 = EPSILON.

Where EPSILON is the machine epsilon (also called machine precision or unit

roundo� ) in 
oating point arithmetic, which gives an upper bound on the rel-

ative error due to rounding of 
oating point numbers. So we can safely set up

the initial cuto�s (nc and nk ) according to the condition that the argument of

the Besselfunction is lessthan 35. (2) Summation cuto�: we truncate the sum-

mation when the absolute value of the last term is within a certain fractional

tolerance of the summation of all previous terms. We choosethe fractional tol-
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eranceto be EPSILON, again. Thesetwo criterions will guarantee that we get

the most accurate result.

One more thought. The tolerance criterion should be applied prior to mul-

tiplication by the trigonometric term, e.g. cos(2� l � ), sinceit could be near zero

for given l and � , regardlessof the convergenceof the summation of the Bessel

functions. For rhombus unit cell, this is impossibledue to the fact that both

l and m show up in the argument of the cos() function. But for  = � =3, the

property Eq. B.41 could be explicitly used to improve/accelerate the conver-

gence.

Lekner-Sp erb metho d

Using the Hurwitz zeta function, Sperb derived an alternativ e expressionwhich

converges faster then the original Lekner expressionas the argument of the

Besselfunctions tends to zero [95]. For example,

F �
? (� ; � ) =

X

m

X

l

1

[(� + l)2 + (� + m)2]
3
2

�
X

m

g1(r m ; � ) (B.109)

with r m � � + m and

gp(r; � ) =
X

l

1

[(� + l)2 + r 2]
p +2

2

=
1

(� 2 + r 2)
p +2

2

+
X

l > 0

1

[(� + l)2 + r 2]
p +2

2

+
X

l > 0

1

[(� � l )2 + r 2]
p +2

2

(B.110)

Furthermore, we have

1

[(� + l)2 + r 2]
p +2

2

=
1

(� + l)p+2

1
h
1 + ( r

� + l )
2
i p +2

2
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1
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1X

k=0

�
� p+2

2

k

�
r 2k 1

(� + l)2k

=
1X

k=0

�
� p+2

2

k

�
r 2k 1

(� + l)2k+ p+2 (B.111)

and

X

l > 0

1

[(� + l)2 + r 2]
p +2

2

=
1X

k=0

�
� p+2

2

k

�
r 2k

X

l > 0

1
(� + l)2k+ p+2

=
1X

k=0

�
� p+2

2

k

�
r 2k � (2k + p + 2; � ) (B.112)
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Here we are using the Hurwitz Zeta function � (n; x) �
P 1

l =1
1

(x + l )n . Therefore,

gp(r; � ) =
1

(� 2 + r 2)
p +2

2

+
1X

k=0

�
� p+2

2

k

�
r 2k [� (2k + p + 2; � ) + � (2k + p + 2; � � )] :

(B.113)

The original Lekner expressionEq. B.34 can then be written as

F �
? (� ; � ) =

2� 2

sin2(� � )

+
X

m

(

8�
X

l > 0

cos(2� l � )
l

j� + mj
K 1(2� l j� + mj)

)

(B.114)

=
2� 2

sin2(� � )
+

X

m

�
�

2
(� + m)2 + g1(r m ; � )

�
(B.115)

=
X

m

g1(r m ; � ) (B.116)

Note that here we have usedthe fact that
P

m
2

(� + m )2 = 2� 2

sin 2 ( � � ) .

The Sperb method canthen bedescribedasthe following procedure: When �

is small, e.g. 2� � < 0:15, we usethe Superb formula, i.e. Eq. B.115. Otherwise,

we useEq. B.114.

B.4 Application

As an example, here we show the domain structure near the coercive �eld for

2D dipolar RFIM (squareunit cell with H ? x̂ , H ? ŷ ). We de�ne Jex = 1. All

other coupling strengths as well as the �elds are measuredin unit of Jex . With

similar parameter ranges, we �nd similar domain structures (cluster, strip e,

labyrin th and checkerboard) nearcoercive �eld asobservedby AlessandroMagni

(e.g. Fig.8 in PRB, 59, 985(1999)).
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Figure B.4: Domain structure near the coercive �eld. Rows (from top to
bottom): R = 10; 5; 1; 0:5; 0:1; 10� 3; 10� 6; 0. Columns (from left to right):
Jdp = 0; 0:1; 0:3; 0:6; 1; 2; 3. All the calculations are done for system size502.
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