Introduction to Multig’ri(l

Waves on different g’ri(ls

Consider wave with wavenumber k:

. Jkm .
ujhk = sin%- on grid 0"

Consider same wave on the coarse grid (half the points), by simply
taking value at every other point:

2 h e Zkn . jkn . 2h
Uiy = U7 = Sin—7— = sin75 on grid Q.

So k™ mode on fine grid gives k™ mode on coarse grid.
Should not be surprising since k™ mode is wave with wavelenght %,
which does not depend on 7.

Another way to see this is that we have half the number of points and
half the number of waves.
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Waves on different g’ri(ls

The oscillatory waves on Q%, which has 1/2 points, are waves with
wavenumbers n/4 <k <n/2—1.

Since wave number does not change, the modes with wavenumber
n/4 <k < n/2 become oscillatory. So half the smooth modes on Q”

become oscillatory on Q%'. The other half remain smooth (but less
smooth than before).

The oscillatory modes on the fine grid cannot be represented on the
coarse grid.

What happens to the oscillatory modes on Q" when we go to Q%'?

Why is this a problem for our solution algorithm?
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Waves on different g’ri(ls

Given problem with 1 = 32 with gives 33 grid points andj = 0...32.

We look at following waves on Q3?2 and Q1°:

1) k=5,14,26
2) k=5,14,30
Notice that

k =5 is smooth on both grids (but less smooth on Q/19)
k =14 is smooth on Q)'*? and becomes oscillatory on Q/1°
k = 26,30 are oscillatory on Q'3? and become smooth on Q1

The effect for k = 26,30 is called aliasing: an oscillatory wave disguises
itself as a smooth one. In fact a wave with wavenumber k > n — 1

appears as a wave with wavenumber k = 2n — k.

There is no way to distinguish the two on the given grid.
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Waves on different g’ricls
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Waves on different g’ricls
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Waves on different g’ri(ls
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The basic MG idea

We saw that our basic iteration or relaxation methods are good in
damping the oscillatory components of the error. They are not effective
on the smooth modes.

So the idea is to use relaxation on the fine grid until oscillatory modes
are sufficiently reduced and convergence slows down.

Then we move to the coarse grid where the (fine grid) smooth modes
are more oscillatory and hence more effectively reduced by relaxation.

We saw that the very smooth modes (k < n/4) on the fine grid remain
smooth on the coarse grid. Hence they will still be reduced slowly by
relaxation.

The natural answer to this is to move to the next coarser grid, etc.

Typically at some point a direct solver is used.
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Grid transfer and coarse g’ri(l eq.s

Important question now is how do we move among the grids.

1) How do we use the solution from the coarser grids (that have
reduced or removed the smooth components of error) to get a better
solution on the fine grid?

2) How do we transfer the approximate solution from fine grid to
coarse grid and how do we derive the equations to solve on the
coarse grid?
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Grid transfer and coarse g’ri(l eq.s

Let’s derive equations for the coarse grid.

We want to compute a correction to the solution on the fine grid. That
means we must compute an approximation to the error.

The residual gives us an equation to compute the error: Ae =r

So we compute the residual at Q" and map it to Q%. This can be done
in many ways, but for the moment we stick to the simple trivial

injection we saw before: erh = rgj. This will provide our right hand side.

Again to keep things simple we assume that the coarse grid operator is
the coarse grid discretization of the PDE (basically same operator as on
the fine grid): A% (fine grid 4").

So we have the equation: 4%¢? =y
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Grid transfer and coarse g’ri(l eq.s

Suppose we find a satisfactory approximation to the error ¢?". How do
we use this to correct the fine grid approximation to the solution?

This operation is called interpolation or prolongation. Again many
possibilities exist. We will look at a simple one first. Clearly for the
points existing in both grids we can simply take the same values (just as
going from fine to coarse grid). For the intermediate points we use
linear interpolation. An important rationale for this is the following.

Assume the error on the fine grid is smooth. Further assume that we
have the exact coarse grid error on the coarse grid. Linear interpolation
of the coarse grid error on the fine grid will give a smooth function.
Hence we may assume we get a good approximation to the fine grid
error.

On the other hand if the fine grid error is oscillatory we cannot hope to
get a good approximation (hence ¢’ should be smooth).
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Grid transfer and coarse g’ri(l eq.s

The interpolation or prolongation operator is represented by [, .
We will represent the restriction operator by /7.

Assume 11 is even, (n + 1) grid points, and we ignore the boundary points
and assume zero (Dirichlet) boundary conditions. Then we need to map
from coarse grid points 1...5 — 1 to fine grid points 1...n — 1:

( A

_ N =

_ N =

ho.2a-1 n-1 _1
I3 R >R =5

\ R,

The operator takes the coarse grid value at even grid points and
averages values at neighboring points for the odd points. If we include
the points on the boundary it would copy the values (even points).

©2001 Eric de Sturler

Grid transfer and coarse g’ri(l eq.s

We will discuss two restriction operators: /7
Injection simply assigns the fine grid values to the corresponding coarse
grid variables:

10000
. 00100

2h . -1 _, p5-1 —
fi7 R R 00001

Another restriction operator is so-called full-weighting.

Here the values at the coarse grid points are taken as weighted
averages of their (immediate) neighbors. The full weighting operator is
a scaled transpose of the linear interpolation (prolongation) operator.

(compare with the domain decomposition operators)
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Grid transfer and coarse g’ri(l eq.s

Full weighting at gives for a coarse grid variable:

2h_l( h h h )
Vit =g V2j_1+2vzj+vzj+1

Written as a matrix operator (for whole grid) this gives
121
IR SR =4 121

Note that all these steps are very easy to implement as local operators
at each point.
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2-Grid alg’ orithm

We now have all the steps to put our first multigrid algorithms together.

Two grid algorithm: Au = f (on Q")
QO": Do k’'relaxations on 4"y = f starting with some initial guess
= —Atuly = 1t

Q% Solve (directly) 4% e? = 2
h.

el :ISheZh; u =u" +e";

QO": Do k’irelaxations on A"u" = " starting with new ..

A direct solver is used for 4?7¢? =%, Obviously for very large systems
this is not practical. However, the two grid algorithm is often used for
analysis.

An obvious alternative for a direct solver is to do another coarse grid
correction on Q% and so on (CS students feel the recursion coming).
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2-Grid alg’ orithm

We may also use an iterative solver (another couple of relaxation
sweeps) on O%: 4%¢?" — 2 This can in fact already be surprisingly
effective.

We typically use a direct solver at some level (when the number of
variables gets sufficiently small).
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V- cycle variations

V-cycle MG algorithm: Au = f(on Q)

Q": Do k’relaxations on A”u" = f" starting with some initial guess
T T

Q% Do k?'relaxations on A%'u?" = {?" starting with zero guess
N A T

and so on for coarser and coarser grids

QL Solve (directly) AX " = fL7; (suff. iterations make direct solve)
oL-Dh _ [(LLh—l)huLh.

QAR 3y -k Z 1y L-1)h | o (L-1)h,
Do kY Y relaxations on 4 -1y L-Dh = L=V ysing new y D"

and so on for finer and finer grids
Q' uh =uh 1 el
Do k’relaxations on A"u" = starting with new u".
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V- cycle variations

Let’s experiment:
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Local mode analysis

How to analyze smoothing behavior for more general problems and
relaxations: local mode (normal mode/Fourier) analysis.

In general computing eigenvectors/values is too hard (harder than
solvng a linear system)

The idea is to derive the smoothing factor from idealization of the
equations at a point (experiment to find worst point).

This separates the smoothing of the error from the other algorithmic
components. It also provides a optimal figure against which to compare
overall performance of algorithm.

Idealizations:

* Assume infinite domain

* Assume equations are same everywhere

* Assume relaxation scheme is linear process
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Local mode analysis

Error given by linear iteration: ¢**!) = G¢®*)

Now we assume the error consists of Fourier modes and we analyze
how relaxation acts on these modes (ideally no mixing of modes).

We should analyze the damping of the eigenvectors of the iteration
matrix. However, we assume that oscillating modes are approximately
eigenvectors (generally true); and apply smoothing analysis to these.

For discrete domain we have waves w; = sinjk%Z with wavenumber
k=1...n.

Now we replace %Z by 0 (continuous wavenumber) and consider waves
w; = exp(yb) with 0 € (-, n].

Values || near 0 correspond to low frequency waves; values of || near
7 correspond to high frequency waves.

Wavelength of mode 0 is zliefz.
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Local mode analysis

Error at point j at iteration k : e](k) = A(k) exp(1j0), —n < 0 < .

Godl is to find relation A(k + 1) = A(k)G(0),
where G(0) is called the amplification factor (for mode ()

This way we can analyze the convergence of the modes separately.
For convergence (of relaxation method) we need |G(#)| < 1 for all 6.

For MG only need damping of oscillatory modes:|G(0)| < 1, 5 <|0| < z.

We define smoothing factor as ;1 = maX%Sw@IG(n)I.
(slowest damping of oscillatory modes)
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1D Example: Jacobi

Consider one-dimensional equation —ui, +cu = f
Central finite differences gives: —v; 1 + (2 +h%c;)v; —vi = h%f;

Jacobi: V(k+1) = (2+h2 )(hzf] (k) (k)

weighted Jacoby: V(k+1) = @T(hzf] + V(kf + V](fD (1- a))vl(k)

For the error we get:

(k+1) _ 0)
~ U T ey

e ](k+1)

(hzf] (k) (k)) (1-w)u;—(1- a))v(k)

Since u satisfies the equation we have u; = m(hzf] Uy U )
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1D Example: Jacobi

Substituting (hzf, +Uj_1 + Uy ) in expression for error

~ (2+ h2

(k+1) = it —

(12 v v + (1= oty — (1—cop®

(2+ e )
gives

= e )(h2ﬂ+u,1+u,+1) ) (hzf; vE v 8 ) + (1 - w)e®

e

and finally
el(k+1) - (2+h20)(e(k% + (k)) (1- w)e(k)
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1D Example: Jacobi

Now substitute A(k) exp(70) for e](k) and simplify expression
First we assume ¢ = 0.

e](k”) = %(ej(l_‘f + e](f{ +(1- a))e](k) becomes

Alk+1)exp(y0) =
FHA(k) exp(e(j - 1)0) + A(k) exp(i(j + 1)0)) + (1 — w)A (k) exp(5j6)

A(k)exp(ilj — 110) + A(k) exp(lj + 110) = A(k) exp(5j0) [exp(—10) + exp(i0)] =
A(k) exp(70)[cos 0 — 1sin 0 + cos O+ 1sin 0] =
A(k)2 exp(ij0) cos 0
Ak +1) exp(y0) = 5A(k)2 exp(zj0) cos 0 + (1 — w)A(k) exp(7j0) =
A(k) exp(40)[1 — (1 - cos0)]
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1D Example: Jacobi

Using cos @ = cos 2 - (12’) =1- 25in2(g) we get

A(k) exp(50)[1 —w(1-cos0)] = A(k) exp(5jO)[1 - 2w sinz(g)]
This gives the amplification factor
Ak +1) = A()[1 - 2wsin*($)] = A(k)G(0), for -n < O < 7.

These are the same convergence rates we saw for discrete
wavenumbers k, corresponding to () = k.

This is not generally the case, however.

From the above result we know that optimal weight is w = %, which

yields

u=G(3)=1G(0) =3

©2001 Eric de Sturler




1D Example: Jacobi

Now we assume ¢ = 0.

k k k
o = 2+ e

) (1 —a))e}k) becomes

Ak +1)exp(ij0) = ﬁA(k)Z exp(10) cos 0 + (1 — w) A(k) exp(1j0) =
A exp(i0)[ 1 - o+ 22520 ] =
Ak exp(0)| 1 - oo 1 22+l?§(j)]

Result depends on ¢;. Typically take some fixed c for analysis:
maximum or minimum ¢; or worst case for amplification factor.

This gives for the amplification factor: G(0) = 1 — (1 —2%5%) this can

be rewritten (for comparison) as

2cos

G(0) =1-cw(1-cos8) +w(1-cos ) —w(1 - 24hc
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1D Example: Jacobi

The amplification factor G(9) = 1 —w(l — 2+h20> can be rewritten (for
comparison) as

G(0) =1 —w(1—cos0) +w(1—cos ) — (1 -327) =
Go(0) + (1 —cos 0—1+237) =
Go(0) + o(~1 + 525 cos 0 =
Go(0) - 2(1};12200 cos 0

where G((0) is G(0) for the case ¢ = 0.
G(0) only differs significantly from G(6) if /°c is not too small.

Note result is different from book p.52
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1D Example: Gauss-Seidel

For Gauss-Seidel we get

(k+1) (k)
plhrl) _ G T
] - 2+h26‘j ’

assuming carry out the relaxations from left to right (increasing j).

Again assuming e}k) = A(k) exp(1j0) and ¢ = 0 we get

exp(10
Ak +1) = 225 A (k).

exp(i0)
2—exp(—0)

So we have as amplification factor G(0) =
The graph of |G(0)| shows the smoothing factor is obtained for § = 5.

p=1G3) =5 = /£ ~ 0453
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1D Example: Gauss-Seidel

04 |

03
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1D Example: Gauss-Seidel

Contrary to what we saw for the Jacobi iteration, we notice that in this
case the eigenvalues on the infinite domain without boundaries are
different from the case with boundaries.

So the result only approximately gives the smoothing factors on finite
domains. As we can verify from the results from chapter 2.
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Local mode analysis for 2D

We can apply local mode analysis analogously to two-dimensional
problems.

We represent the error as e](,lfl) = A(k)exp(ij01 +im0>) (mistake in book!)

where j and m run in x and y direction, and (/1 and 0> represent waves in
x and y direction.

Now we look for recurrence: A(k + 1) = G(01,02)A(k) where again
G(01,0») is amplification factor corresponding to two wavenumbers.

The oscillatory modes are modes that are oscillatory in either one
direction or both.

So smoothing factor is 1 = max |G(01,02)l.

%Sl ejlﬁﬂ
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2D Example: Jacobi

Consider 11, —uy +cu=f

Discretization: 1,1 —tj_1,m + (4 + hZC]'m Whjm —Ujsim — Ujms1 = hzfjm
So weighted Jacobi iteration:

k- k k k k
V](m+1) (4+h2c )( Zf}m + V( ) V]( %m + V](+%m + V](m)-l—l

)+ (1-wpd)

For error this gives

e](’/::l) (4+hzc )(e](ffl) +el (fl)m + (rl:z)-l—l) (1-w)ej, 0
Forc=0

el = (el + e+ el )+ (1)l
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2D Example: Jacobi

Analyze casec =0

e},’fjl) “’(e(k) (k) (k) (k)) - w)e(k)

Jm-1 + Cim+1

el = 2A(k)[exp[joy + (m —1)02] + expalj0y + (m+1)02 ]+ 1+ (1 —w)A...
2A(k) expiljOr +mO2](2cos 0> +2 cos 01) + (1 — w)A(k) expljdr +mb:] =
A(k) expljor + m0>](1 — o[ 1 —5(2 cos 02 +2cos 61)])

2c0s 0y +2 cos 0, = 2(1-2sin*(%)) +2(1-2sin2(2)) =
4—4sin(%) - 4sin2(%)

Al 1) = Al 1-o(sin*(3) +5in*(3))]  (mistake in book)

G(01,0,) [ 1-ofsin’(F) +sin’(F))]
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2D Example: Jacobi

Analyze case ¢ = 0

i) = (e el el o) (1)l

e = A(k) expljor +m0,1(1 - w+ 7:32(2 cos 02 + 2 cos 1))
G(01,02) = (1 —w+12=(2cos 02 + 2 cos 1))

Alternatively

G(01,02) = (1 —w+72-(2cos B +2cos b)) =
1-w+3Q2cos0r+2c0s01) =G )+ 75=() =
Go(01,02) + (2 cos 02 +2cos 01 )(-2 + 4+¢,zc) =
Go(01,02) % 4+hzc)(2c0s09+2c0s01)
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Convection-diffusion example

We solve several instances of the following equation

-u.+bu.+cu=f

for various values of b, ¢, and h, and various choices

in the multigrid algorithm.

We show how smoothing analysis helps guide choices
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Convection-diffusion example

-U+500u,=0, h=1/64, nrel=10,

1. w=0.5, injection
2. w=0.5, full weighting

20
3.
4. 150 1
5. w=0.05, injection (41) 2
6. w=0.05, full weighting (34) 100

50f

logy|r|,
0
6 5
% 10 20 30 40 50
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Convection-diffusion example

Amplification factors for the oscillatitory modes
and

various weights

2.5

w=0.4

»=0.05 N

91.5 2 2.5 3 3.5
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Convection-diffusion example

5-
of
loglolrlz

5t P
1.w=0.5, injection , . . 5>
2.w=0.5, full weighting 10 20 30 40 50
3 # V-cycles
4.

5.w=0.05, injection (41)
6. w=0.05, full weighting (34)
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Convection-diffusion example

Amplification factors for the oscillatitory

modes,

@=0.1, injection, and various values for ¢

1
=1000
¢ 0.8 N \Eﬁ(::]OO()
=10 c=10
06| 1
1000~
04| ™~ |G| ]
02| \\ ]
0 . .
1.5 5 25 5 3.5
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