Equations of Motion and Numerical
Integration



Integrators

We want to solve, numerically Hamilton’s Equations
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Liouville Operator Formalism and Numerical
Integrators

The Problem

Develop a formalism that can be used to construct algorithms that
in a consistent and simple way.

The algorithms should be reversible and exact to some order in the
time step.

The algorithms should reflect as many analytical properties of the
true dynamics as possible. In particular, conserved quantities should
be generated.



Symplectic Property

Hamiltonian flows possess the symplectic property,
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which implies phase space volume preservation, det J(¢) = 1.



Symplectic Property

In addition, the converse is true. The symplectic property implies
the existence of a Hamiltonian!! If the dynamics arises from a Hamil-
tonian, then, of course, the Hamiltonian is conserved.

Lets design, reversible symplectic algorithms!!



The Formalism

Assume a set of coupled first order differential equations with
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The time dependence of any function of the x and p can be written
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where is called the Liouville operator.
If ' = x p then the state of the system at time ¢ is written in

very nice form. an this formalism be used to generate numerical
solutions



The Trotter Formula

The analogy that the Liouville operator formalism gives with quan-
tum mechanics can be exploited and a short time approximation to
the time evolution operator constructed
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The Trotter Su u 1 Formula

The state of the system at time, ¢ is thus generated by  succesive
applications of the short time approximation to the initial state I'(0)

O( t) = it ——T(0)

Tt = S N (. )

While the Trotter- u u i formula is not exact, it has ~ EAT prop-
erties.



eversi lity

irst, as exp( ; t)exp(— ; t) = 1 the unitary property of the
time evolution operator is exactly preserved.

All algorithms generated by this formalism will be time reversible.



Symplectic Property

The Trotter- u u iapproach allows an error analysis to be performed
and error bounds to be constructed. Applying the  H formula to
the integrator yields,

That is, Lioville operators are composed of first derivities = (x)
and communators of two operators of this form, yield a third of
this form.
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Symplectic Property

Therefore, the integator generates the solution to the continuous time
equations of motion,

x(t) = " 'x(0)
x(t) = ()" '2(0)= x(1)

x =Y Ux) ¢
=0

at intervals, ¢, where is an integer and (9)(x) (x). Thus,
the dynamics is correct up to the desired order!!
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Symplectic Property

The above analysis allows the choice of decomposition, = 1+ 5
to be connected directly to properties of the flow generated by the
integrator.

or example, if the original equations are Hamiltonian, and ;
are each derivable from Hamiltonians, 1(p )+ 2(p )=H(p ),
then each ()(p )is Hamiltonian, ()(p )= HO(p ).

That is, the commutator of two Hamiltonian Liouville operators
yields a third, whose associated Hamiltonian is given by the Pois-

son brac et, 3= 1 o,

9201 0,0,
2T op o o Op

ote, the rich analogies with quantum mechanics!

12



Symplectic Property

Therefore one can define a Hamiltonian

H=YHx) * =H+ ( t}

which generates the dynamics of the interator and is exactly pre-
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Symplectic Property

irst, since H is conserved, H = H — H is bounded. There is no
secular growth in the total energy.

econd, since H is conserved, closed orbits can exist. They are not
the orbits of H but deviate by at most ( ¢2).

f course, t must be within the radius of convergence of the series
defining H.
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Simple lgorithms

onsider the most basic Trotter- u u i brea up possible

_ F(x) 0
m v
0
2 = Va—x
where the momenta has been replaced by the more traditional ve-

locity due to the extreme simplicity of the Hamiltonian system in
question.m

Here, 1= ¢(x) and o = p* 2m.
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Simple lgorithms Tools

In order to evaluate the action of the approximate evolution operator
on I' we need to apply the translation operator,

(2)

i

o0 W= Ee
= (z+ )

and

exXp T ()= ()

if is independent of x.



Simple lgorithms Evaluation

Thus, the action of this short time evolution operator on x and v

gives
z( t) = R0)
= — z(0)+v(0) ¢
:mwmm+($”
and

W( 1) = v(0)+—" F(z(0)) + Fz( 1))

2m

where the identity exp( 2) (z) = (z+ ) is used.



Simple lgorithms Evaluation

This is famous velocity erlet algorithm!!!!

F(z(0)) #2

z( t) = z(0)+v(0)t+ o

W 1) = v(0) + —- Fz(0) + F( 1))
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Simple lgorithms

elocity erlet is ymplectic! This can be seen by generating the

acobian analytically and testing it ( H!!) or by reali ing that

1 is derivable from 1 = ¢(x) and o is derivable from o =
p? 2m. Thus, elocity erlet is derivable from a Hamiltonian.

or example, velocity erlet integration of H = p* 2m +m 22?2 2
conserves

2 - 2 -
21 1 I
p- 1 5 m

Hp t)= 5 + 5

The integrator has closed orbits for ¢ 2 and yields a good ap-

proximation to the true tra ectoriesif ¢ 2(ie. lim 4 oH(p
H(p ))
In lim 4 o, the shadow conserved quantity diverges.. losed or-

bits are replaced by hyperbolic, unbound orbits and the integrator
becomes unstable. These limitations haunt even the more complex
integrators described next.

)



Multiple Time Step Integration

elocities erlet wor s EAT but ...

1) ast motion caused by strong short range forces  ibrations in
molecules, Path Integrals limit the time step.

2) Long range forces  olecular and atomic fluids, clusters, have long
range forces that are computational expensive to calculate.

) ombinations of the above are typically present.

How can we use the power of our approach to midigate these di -
culties
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Multiple Time Step Integration

eference ystem Propagator Algorithm E PA

Here we ta e the brea up

F (CE)8+ 0
27 T ov | oz
_ Fl)o
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where
F(z) = F(z) - F ()

which is based on the decomposition,
2

1 = 2p—m+¢ (z)
2 = d(z)—¢ (z)

Applying the Trotter- u u i ormula yields
z( t) = R0

and
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ESP

How can the reference system position and velocities be generated

with elocity erlet!!

That is, the inner propagator is further decomposed into

2m

o = ¢ (1)
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ESP

Therefore the approximation loo s li e

? t . —

ote, that 9 and 5 commute and can be combined on the 1st
and nth step of the procedure!

24



ESP

pecific dti=dt n dt =n dti

v=v+ ( _del dti n 2m)
loop over E PA time steps
v=v+ ( ref dti 2m)
X =X+ v dti
get_ _ref()
v=v+ ( _ref dti 2m)
end loop over E PA time steps
get_ _del()
v=v+ ( _del dti n 2m)
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ESP

eneral using commutation relation

loop over E PA time steps
v=v+ ( _use dti 2m)
X =X+ v dti
get_correct_ (irespa,w)
v=v+( _use dt 2m)

end loop over E PA time steps

get_correct_ (irespa,w) where =

_use=0
add_ ref to_ _use(1)
if(irespa==n)add_ _del to_ _use(w)



omparison of lgorithms

The energy conservation as a function of time step will be used to
compare the algorithms

< t) _ (m t) - (O)
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ou can design other measures but I li e this one.



pplications

A) The Lennard ones luid A study of long range forces
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and  ( ) is a distance dependent switching function that sets
the reference force to ero at . The parameter is the length scale
of the switch.



pplications

) An oscillator embedded in a L. . luid A study of separation of
time scales.

N
222 + 1( 12) + 9( 12)
N .
1= X ()
=1 m

The equation of motion for particles 1 and 2

(n="(t0© O+, FO)
(1) — ( £ (0) (o>+ﬁ Fx(O))

the rest are integrated with velocity erlet.



Limitation of ESP

The E PA shadow conserved quantity possesses instablities at
t = . Thus the largest time step is controlled by the
highest frequency in the problem.

Long range short range decompositions for water don’t yield
enormous increases in computational e ciency.

ther than A D, few simulation codes use it although you
can get 2. X Increases in e clency.
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1.

E tended System Methods

ose-Hoover canonical dynamics Potential di culties, umer-
ical studies.

ose-Hoover chain canonical dynamics Potential improvements,
umerical studies.

. Andersen-Hoover isothermal-isobaric dynamics Equations of mo-

tion, irial theorems, umerical studies.

. Parinello- ahman-Hoover isothermal-isobaric dynamics  irial

theorems, Equations of motion, umerical studies.
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E tended System Methods

1.

2.

ose-Hoover equations of motion

- _ Pi
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where  is the number of degrees of freedom and is the ther-
mostat .

onserved uantity
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E tended System Methods

. Dynamical acobian and phase space metric tensor

#Z_ (t)—+%+i§ pi+
() =exp ()=  (0)
Iy = () I}
[p =exp () — 0) Ty
exp (0) Ty = exp (t) Ty
o Lo PR

t
= exp

. Phase space volume  sing the enerali e Liouville theorm

= T - ry— ©
= P p exp (H - )
eXp H
— p pexp ——
N p2 p2
H = 4 —
7,;1 2m; i 2 + ¢ )

The canonical phase space volume is correctly generated (within
a constant).
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E tended System Methods

1. Explore behavior on 1D free particle.

. p . D
m
p . P
= — P - —
m
2 2
P P
H = —"—4+—+
2m 2
= exp

ote, p(¢) = p(0)exp (t) or =logp po.

2. This constraint must be ta en into account

= p pexp (H(pp )— ) ( —logp po)

= p p(z%) (H(pp)— )

2 2
H :p—+p—+ log p po
2m 2

and the canonical ensemble is generated.
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E tended System Methods

1. tudy the free particle numerically. How bad is it
2. Loo at the 1D harmonic oscillator numerically ¢(z) =m 2z° 2.

. Potential problems

(a) ew extended system degrees of freedom.

(b) ree particle suggests can be slaved to p.

(c) Does matter
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E tended System Methods

1. Introduce more extended system degrees of freedom.
2. ha eup which can get loc ed .

. Well, p is a momentum, too. Why not thermostat p  Why not
thermostat p ’s thermostat ... Hey, lets ma e a chain!!!



E tended System Methods

1. Equations of motion
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E tended System Methods

. Dynamical acobian

SERECR CS SRR

(1) = exp  (1(t) = 1(0) + 2 (t) = (0)

= exp 1+ 2

. Phase pace volume

= p p 1 |y
exp 1+ 3 (H — )

H
p p PexXp ———
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The canonical phase space volume is correctly generated (within
a constant).



E tended System Methods

1.
2.

ormal Problems with the ree particle overcome.
umerical examples ree particle and Harmonic oscillator

ultidimensional problems eed one ose-Hoover chain per de-
gree of freedom to ensure egodicity (smooth energy landscape).
The derivation for multiple thermostats follows straightforwardly.



E tended System Methods Numerical
Integration

The equations of motion are not Hamiltonian. Althought new theo-
retical wor has demonstracted that a enerali ed ymplectic Prop-
erty can be formulated, a generali ed decomposition theorem has
not yet been developed to ensure that a shadow conserved quantity
is generated by a properly developed integetor.

The best that one can presently do is to ensure that the metric
factor, , the square root of the determinent of the metric tensor,
, is properly generated by the integator.
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E tended System Methods Numerical
Integration

An effective decomposition for the H method is given in

(1 ). riefly, one ta es the Hamiltonian part of the Liou-
ville operator and sandwhiches it between the non-Hamiltonian H
evolution. The decomposition of the H evolution is designed to
preserve the metric factor,

= it i T+ N

loop over E PA time steps
integrate. H (dti,v,xnhc,vnhc)
v=v+ ( _use dti 2m)
X =X+ v dti
get_correct_ (irespa,w)
v=v+( _use dt 2m)
integrate. H (dti,v,xnhc,vnhc)
end loop over E PA time steps

ool new extended system method that avoids resonance artifacts
and allows 100fs time steps to be used (200 ).
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E tended System Methods  seful
ppendices

Information about onstant Temperature and onstant P essure
methods is provided.
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E tended System Methods  ppendi
M
1. ind second order equations for
S 2 X P2 NPl
t L= my 1 i=1Mm;
— 1 Y= St a3t — 11—
=11 2
S 20 8 s e
t2 2 =11y 2 !
.22 1 . .
— 2 L= — §—|—— 23— — 34
2 3
S 20 e
t2 — ) 2 92 1 1
2 2 1
. 1 I 21+ 2
1
202 9
2 1 o8 B 1
_ 1 2% 2 2 +L 2
1
2 B 2 1 " 22
2 o

43




E tended System Methods  ppendi

M

2. olve each equation individually by ta ing the phase space av-
erage of all other variables

2 2 1y
. ' 1 2 o !
22 R
2 1 1
2 2
2
.Tae 1= 2 and — 2 to achieve resonance where

is the time scale on which you desire the thermostatting to
OCCUT.
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E tended System Methods  ppendi

1. Pressure virial theorem External and Internal Pressure balance.
1

it t = — P (p)<it_ t)
) D
it t = —
()
it = t

2. Wor  irial Theorem External and Internal Wor differ by |
the wor done by the piston.

(ie— ) = ) -

it T = ¢
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E tended System Methods ppendi

1. The canonical partition function

() exp — ¢( )

1

() Vexp — ¢( 1)

2. The internal Pressure



















