Introduction to Car-Parrinello Ab Initio MD



Basic Concepts

It is more important than ever to study molecular scale
physics:

e Understanding molecular scale devices will lead to faster, cheaper
FETs.

e Understanding enzyme catalysis will allow the design of cheap,
artificial catalysts (biomimetics) of high efficiency

e Understanding properties of novel materials such as ceramics will
yield new materials with higher resistence to breakdown, fatigue
and temperature.



Basic Concepts

How can one model molecular scale properties:

e Continuum models yield mesoscale physics.
e F'inite elements models treat nanoscale physics.

e Atomistic models with empirical force laws cannot treat bond-
forming or breaking, extreme conditions or give insight into elec-
tronic properties.

o Ab Initio (treating the electrons explicitly) Calculations?



Basic Concepts

How can Ab Initio methods address our needs:

e Standard ab initio calculations are done at zero T.
e Reactions treated by finding a minimum energy path.

e Helpful sometimes not others.



Basic Concepts

Car-Parrinello Ab Initio MD:

e Combine ab initio methods with Molecular Dynamics.
e Study bond forming and breaking on free energy surfaces.

e Study materials under high stress, high temperatures ...



FElectronic Structure : Kohn-Sham DFT

The electron density is expanded in a set of orbitals {t;(r)}
n(r) = ; 0i[4i(r)|*
and the energy functional is given by

Eln] = T{¢i}] + Euln] + Ex[n] + Eexi|n]

where T is the kinetic energy of a system of noninteracting electrons,
FEy is the Hartree energy, F.. is the exchange and correlation energy
and the o; are the occupation numbers of the orbitals. Here, Fext[n]
is the electron-nuclear interaction.



Combining with Molecular Dynamics

Treat the nuclei classically
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where Fjy(R) is the energy obtained when E/[n] is functionally mini-
mized and Vpo(R) is the ground state Born-Oppenheimer surface.

Integrate numerically Hamilton’s Equations of motion

. P,
R = -
M,

P, = Fpo(R) = —V;Vpo(R)

We will see later how to perform a combined MD for both the elec-
tronic structure and particles.



FElectronic Structure : Kohn-Sham DFT

The electron density is expanded in a set of orbitals {t;(r)}
n(r) = ; 0i[4i(r)|*
and the energy functional is given by

Eln] = T{¢i}] + Euln] + Ex[n] + Eexi|n]

where T is the kinetic energy of a system of noninteracting electrons,
FEy is the Hartree energy, F.. is the exchange and correlation energy
and the o; are the occupation numbers of the orbitals.



Kohn-Sham DFT

The orbitals and the electron density can be expanded in a plane
wave basis set
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Here

e h is the parallellepiped surrounding the system, V' = deth is

the volume of the cell and s are the fractional coordinates.
|
e g =h; g and the integers & = {94, g1, 9.}, index the recipro-
cal space.

e The plane-wave cutoff is E.,, > h?|g|>/2m with Ec(ggnsity) _
4Ecut-



Kohn-Sham DFT

Two terms act at long range, Hartree, Fyayree|n]

, n(r)n(r)
Pln] = %é)fi)/fl v — ' + hS|

and the local pseudopotential energy, Fjoc[n],
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Here,

e R; is the Cartesian position of the Ith ion,

e h is the cell matrix whose columns contain the d cell vectors,
det h = V is the volume.

oS = {84,388} is a vector of integers indexing the periodic
replicas

e In clusters, only S = {0,0,0} is allowed while in solids/liquids
the three integers span the full range.
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Plane Wave Basis : Standard

When employing a plane wave basis set, these terms are evaluated
in reciprocal space.
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Here,

° (]5100, 1 is the Fourier Transform of the local pseudopotential

o gEf(‘}g ; 1s the non-singular part of the local pseudopotential at
g=0.

e The screening function, ¢GereenCoul) (o) allows the formalism to
treat cluster, wires, surfaces and solids/liquids.
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Plane Wave Basis : Standard

The kinetic energy is also evaluated in reciprocal space:

h2

Tn) = o~ LD 0;(8)|gl’

p.

The exchange correlation energy is evaluated in real space:

Ein] = VY3 > n(hs)e,(n(hs))

§a §b §c
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Basic Kernels

Consider a function, psi(r), expressed in finite plane basis set,

1 Pa/Z Pb/2 Pc/2

Y(r)=- X > > exp(ig-r)Y(g),

V' Gu=—Pu/241 Gy=—Py /241 jo=— Pp/2+1

Y(g) = [drexp[—ig-r]y(r)

D(h)

The Fourier coefficients can also be determined (exactly) from a dis-
crete sum over a real space grid

P,—1P—-1P.—1 o n A R
az Z CZ e_QWZQaSa/Pa6_27”9b5b/Pb6_27”9030/Pc¢(hs>
P,PP. 5,20 5 3.=0

V(g) =

Here, P,, P,, and P, are both the number of reciprocal lattice points
along each direction and the number of points discretizing the a, b, c
axes of the cell, while s, = 3,/ P,. Importantly, these discrete equa-
tions can be evaluated using a three dimensional Fast Fourier Trans-
forms (3D-FFT)
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Basic Kernels

The Energy is evaluated as follows:

1. For each state, 3SD-FFT vx(g) to produce ¥.(r). Square |1 (r)|?
and add to produce the density n(r)

2. Inverse 3D-FFT n(r) to produce n(g).

3. Evaluate External potential and Hartree using 72(g) and accum-
late vys(g)

4. 3D-FFT wvy,(g) to produce vgs(r).

5. Evaluate Exchange correlation using n(r) and accumlate vy,(r)

Forces on the coeficients need to be evaluate in order to minumimize
E. For each state,

1. 3D-FFT v(g) to produce 1 (r).

2. Multiply ¢y (r)vgs(r)
3. Inverse 3D-FFT to produce Fy, (g).

14



Basic Kernels

The states 13 (r) must be kept orthonormal.
Oij = /Cirlb;(r)@bj(r) = 0y
D(h)
— gw;*(g)%(g) = i

Evaluating the overlap matrix involves a matrix square
(Nstate x ncoef)*(ncoef x Nstate)= Nstate x Nstate.
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Combining BO-MD with Coefficient MD

It is natural to consider running MD to evolve both the coefficients,
c of a general basis set describing all the orbtials and the particles
simulataneously.

We can write

H(P,P.R,c) z—% Ly A4 pr )+Pg
) Cy Yy - , C
T oM iz Ry —Ry| 2m,

Here, Fy(R,c) is the current energy obtained from E[n|. The evo-
lution must be performed subject to the set of holonomic constraints
such that the KS-orbitals are orthonormal. More formally we should
have introduced the Lagrangian but for simplicity of the analysis this
is omitted.

Integrate numerically the equations of motion

: P,
R, = .
M;

P, = F(R,c)
. P,
C = —
mC

P, = F,(R,c)— \o

where o represents the N*(N+-1) /2 constraints and A the N*(N+1) /2
associated Lagrange multipliers. The Shake/Rattle method allows
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velocity Verlet to be used to evolve systems with holonomic con-
straints. Thus it is straighforward to perform the evolution numeri-
cally.
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Car-Parrinello MD : Why does it work?

Clearly, the evolution must generate an approximate BO surface.
Thus, we can imagine keeping the coefficients cold and moving rapidly
compared to the nuclear motion so that the functional is approxi-
mately minimized. One way to accomplish this is to introduce a set
of Nose-Hoover chain thermostats to keep the coefficients cold, a
small mass, m. to keep the coefficients moving rapidly and a set of
thermostats to keep the particles warm.

Can the intuitive scheme be analyzed?
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Car-Parrinello MD : Why does it work? : A
simple model

Two sets of thermostats are invoked. One is coupled to fast (x) de-
grees of freedom and assigned inverse temperature 3, and the second
is coupled to the slow (y) degrees of freedom and assigned inverse
temperature J3,. The system is subject to a potential V' (x,y).

The dynamics of the resulting system of equations can be analyzed
using a decomposition of the evolution operator

At
exp(iLt) = |exp ([zL — i Lyey] 7) exp (i LyepAt) exp ([zL — i Lyey]
t3
+ O<ﬁ>
where
Fo.(x, .
oL = v, -V, + % -V, — ViV V., +iLlyge
F
+ Fyxy) - Vy, + iLyes
My

. B Ty
1Lpep = vy-Vy— VgV Vy, +iliypc
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Car-Parrinello MD : Why does it work?

The approximate solution to the equations of motion for the y subsys-
tem determined from the action of the short-time evolution operator

At At)

exp ([zL — (L] ?> exp (1 LyefAt) exp ([zL — i L] 5

Y(AL) = yrer [y(0), vy (AL/2), v, (0); Al
vy(A) = v, |y(0), vy (At/2), vy, (0); At
mi A QR [ [X(AL/2), Va(DE/2), Vo (A2, y (A1) ], (£

where

v,(At/2) = vy<o>+;y [ 4P, (X X(0), V2(0), vy (0); ¥(0): ], ¥(0)}

The functions X,a[x’, vy, v, ;y;t] and vy, [x', v}, v, ;y; ] denote
the positions and velocities at time, ¢, determined from the Nosé-
Hoover chain dynamics of the x subsystem with potential energy
V(x,y) at fixed y and initial condition {x’,v;,v; }. Similarly, the
functions y,f[y’, vy, V;]y; t] and vy, _.[y’, vy, V;]y; t] denote the posi-
tions and velocities at time, ¢, determined from the action of the
reference evolution operator, exp(¢L,.f), on the y subsystem with

initial condition, {y’, v;, ng}
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Car-Parrinello MD : Why does it work?

If the time average is taken equal to the phase space average then
the equations of motion of the y subsystem become

At

28,m,,
At

B 20,my,
Vy log[Qx (8, y(At))]

Y<At) = Yref [Y(O)v Vy(O) - Vy log[Ql‘(ﬁiﬁ Y<O>>]7 Vi (O>; At]

vy(Al) = vy, Vy log[Q. (82, ¥(0))], vy, (0); At]
At
28,m,,

where Q;(6;,y) is the canonical partition function for the x subsys-
tem at temperature 8, and potential V (x,y) with y fixed.

y(0), vy(0)
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Car-Parrinello MD : Why does it work?

The form of the x(At) and y(At) under canonical dynamics allows

straightforward formal simplification.
_ F AtF
oL — — - Vvy] At) exp ( : Vvy)

_ AtF
exp(iLAt) ~ exp ( : Vvy) exp (

2m, my 2m,
where
_ F
il = vy -V, — ViV Vi, + n(zY) Vi, F ilivue
y

Fly) = =V,V(y)

_ 1

V(y) = 5 loglQ.(B:,y))-

In the limit At — 0 and the masses {m,, @, } are chosen to vanish
such that the time averages over the x dynamics can be taken equal
to their corresponding phase space average as At goes to zero, the
approximate evolution operator, Eq.(6), can be resummed to give

AtF . AtF _
exp (Vvy) exp (lzL — m%vvy] At) exp (Vvy) = exp (iLA) .

2my, 2m,
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Car-Parrinello MD : Why does it work?

The dynamics of the y degrees of freedom is Nosé-Hoover chain dy-
namics at inverse temperature, 1/3,, with potential, V(y) for all
time, t. The limiting distribution of this dynamics is the canonical
distribution (cf. Eq. 2.11) at inverse temperature, [3,,.

The CP adiabatic dynamics scheme can be recovered from the pre-
ceding analysis. If 8, is taken to be large (low temperature) and
B, = (. then V(y) = min,[V(x,y)] and the thermal, slow y de-
grees of freedom evolve on a potential energy surface that is instan-
taneously minimal with respect to the cold, fast x.

However, if 3, is taken equal to 8 and 3, is taken to be large (cold),
the free energy of the x will be parametrically minimized with respect
to the y. This defines an inverse scheme. Note, that if 8, = 8, = 8
then the time average of the y dynamics will be distributed canoni-
cally regardless of time scale and the y will move on the equilibrium
free energy surface formed by the x subsystem. However, if 3, # 3,,
we have only been able to identify a traditional ensemble in the adi-
abatic limit.
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