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What is Density Functional
Theory?

• DFT is an exact many-body theory for the ground state properties of an

electronic system.

– Atoms, molecules, surfaces, nanosystems, crystals

• Although DFT is formally exact, the exact functional is unknown.

• The exact functional probably does not have a closed form, and would be

extremely non-local.

• Nevertheless, very good approximations are known which work well for

many systems.

• In practice, DFT is good for structural stability, vibrational properties,

elasticity, and equations of state.

• There are known problems with DFT, and accuracy is limited--there is no

way to increase convergence or some parameter to obtain a more exact

result. In other words there are uncontrolled approximations in all known

functionals.

• Some systems are treated quite poorly by standard DFT.



Outline
• Motivation: an example—Quartz and Stishovite, DFT versus QMC
• What is DFT used for in QMC studies?
• The steps for Diffusion Monte Carlo.
• Density Functional Theory

– What is a functional?
– Hohenburg Kohn Theorems
– Kohn–Sham method
– Local Density Approximation (LDA)
– Total energy calculations
– Typical Errors
– What is known about exchange and correlation functionals?
– The exchange correlation hole and coupling constant integration
– LDA and GGA (more)
– Band theory
– Self-consistency
– A new GGA (WC)  and the poential for more accurate density functionals
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Quartz and Stishovite

Stishovite (rutile) structure
Dense
octahedrally coordinated Silicon

Quartz structure
Open structure
tetrahedrally coordinated Silicon
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CaCl2 transition in SiO2
Prediction: A1g Raman 
mode in stishovite 
decreases until phase 
transition to CaCl2
structure, then increases. 
Does NOT go to zero at 
transition.

Prediction: C11-C12 decreases  
until phase transition to CaCl2
structure, then increases. Does 
go to zero at transition-> 
superplacticity

LAPW

exp.

Predicted transition (Cohen, 1991) was found 
by Raman (Kingma et al., Nature 1995).
LDA works for stishovite/CaCl2.
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Silica
Simple close shelled electronic 
structure, yet problems with DFT

313330257303Kst

157159163155Vst

38294435Kqz

254261266244Vqz

7.52.66.2<0Ptr

0.50.20.5-0.05ΔE (eV)

Exp.WC**PBE*LDA

*Zupan, Blaha, Schwarz, and Perdew, Phys. Rev. B 58, 11266 (1998).
Wu and R. E. Cohen, Phys. Rev. B 73, 235116 (2006).

stishovite valence density

difference in GGA and LDA valence density
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DFT (WC) energies for quartz and stishovite
Z. Wu and R. E. Cohen, Phys. Rev. B 73, 235116 (2006).
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A diffuse cut-off for the exchange fits low and 
slowly varying densities. FX agrees well with 
advanced DFTs with simple GGA functional.

• We tested the following 18 solids: Li, Na, K, Al, C, Si, SiC, 
Ge, GaAs, NaCl, NaF, LiCl, LiF, MgO, Ru, Rh, Pd, Ag.

• The new GGA is much better than other approximations.

8.07.63.69.912.9B0

1.650.830.291.301.74a0

PKZBTPS
S

WCPBELDA

Mean errors (%) of calculated equilibrium lattice 
constants a0 and bulk moduli B0 at 0K.

TPSS and PKZB results: Staroverov, et al. PRB 69, 075102
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QMC results CASINO 
(at DFT WC minimum)

0.43-35.7912-35.8071DMC MPC 
stish 3x3x3 
qz 2x2x2
No finite size corrections

0.2-35.7397-35.7466WC
0.5PBE
-0.05LDA
0.5Exp.
ΔE (eV/fu)Stishovite (H)Quartz (H)
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Comparison of QMC and DFT 
(WC xc)

-8.0-4.6P GPa

-1.76-0.77E0 
eV/SiO2

quartzstishovite

Shifts in energy and pressure from DFT
(WC) to QMC (QMC-DFT)
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Quartz to stishovite transition

157254V0
(exp)

30939K0
(GPa)

31338K0
(exp)

156247V0 
(au)

stqz
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What is DFT used for in QMC?

• DFT is used to relax ground state structures, since QMC relaxation
is not yet tractable for crystals.

• DFT is used to compute phonons to obtain quasiharmonic
estimates of zero point and thermal contributions to the free
energy.

• DFT is used to generate trial wavefunctions for QMC.

• Sometimes DFT is used to estimate finite size corrections to QMC.



Procedure Develop and Test 
Pseudopotentials
Self-consistent

DFT computation

Generate orbitals
for trial functions

for k-point set
and find blip

representation

Perform
variation optimization

of 
Jastrow parameters

VMC to generate
Initial configurations
or get VMC energy

DMC equilibration

DMC Statistics
Generation
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Density functional theory (DFT)
• All of the ground state properties of an electronic system are 

determined by the charge and spin densities.
• DFT is an exact many-body theory, but the exact functional is 

unknown. However, exact sum-rules are known.

Solve the Kohn-Sham equations: ( )[ ]
( )

ρ
δ

ψε

∂
=

++=

+=
=++∇−

−

xc
xc

ii

EV

EEEE

VVrV
rV

xcticelectrosta
ginteractinnon

xcticelectrosta

2

kinetic

0
r

r

xcticelectrosta
ginteractinnon

kinetic
EEEE ++= −

known exactly

known for uniform 
electron gas and other 

model systems

Interactions for valence (bonding)
electrons are most important

Why it works (usually) quite well:
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Calculation of physical properties 
from first-principles

Exact theory is known
Schrödinger’s equation

KEEEVNEVH
EH

+−+−=
=

)()(
ψψ

Local Density Approximation of DFT

e-
e-

Complicated many-body interactions in material of interest (atom, molecule, 
crystal…) at each point…

…are like those of homogeneous
electron gas with same density 
as the density at that point.

Becomes more accurate with
increasing P
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Calculation of physical properties 
from first-principles

Exact theory is known
Schrödinger’s equation

KEEEVNEVH
EH

+−+−=
=

)()(
ψψ

Generalized Gradient Approximation (GGA)
Complicated many-body interactions in material of interest (atom, molecule, 
crystal…) at each point…

…are like those of homogeneous
electron gas with same density 
as the density at that point, and imposed 
gradients at that point.

e-
e-



• LDA and (PBE) GGA  provide accurate predictions of many 
properties at expt. volume. 

• However, LDA underestimates while (PBE) GGA 
overestimates lattice constant by 1-2%. 

• Certain properties, such as ferroelectricity, are very 
sensitive to volume. 

• For ground state structures of ferroelectrics with strains, 
GGAs are particularly bad:

1.239
70.58
PBE 

1.301
75.47
RPBE 

1.046
60.37
LDA 

1.286
74.01

revPBE 

1.0751.19c/a
63.0868.48V0(Å3)
Expt.WDA*

*Wu et al. PRB 70, 104112

Equilibrium volume and strain of tetragonal PbTiO3

LDA or GGA do not work for 
everything



Exchange-Correlation Energy
• Density functional theory (DFT): electron 

density         is the basic variable.
• Kohn-sham Equation:
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PBE GGA
• Perdew-Burke-Ernzerhof (PBE) formalism is the 

most widely used GGA. (PRL 77, 3865)
• Correlation correction was derived from the low and 

high variation limits, plus linear scaling.
• Exchange enhancement factor was derived from a 

sharp cutoff of the exchange hole in real space.

0.804 gradients, reduced : where
)1/(1 2PBE

x

=
+−+=

κ
μκκ

s
sF

• Here µ is set to 0.21951 to cancel the correlation
correction for s → 0.



• A new based on above observations:

• and

)1(ln)exp()
81
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10 and

)/1/(1
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Construction of a new GGA
• The xc hole in solids can have a diffuse tail, not in atoms or small molecules.
• A diffuse cutoff of the exchange hole leads to a smaller than        . 

(Perdew et al., PRB 54, 16533)
• For slowly varying density systems, (Svendsen and von Barth, PRB 54, 17402)

xF PBE
xF

. Laplacianreduced :, ere        wh

)(
405
73

2025
146

81
101

2

62
x

qsp

OpqqpF

=

∇+−++=

xF

PBE
c

wc
c EE =

0.0 1.0 2.0 3.0
s

1.0

1.2

1.4

1.6

F
X

RPBE
revPBE
PBE
PW91
TPSS
WC

0.0 1.0 2.0 3.0
1.0

1.2

1.4

1.6sharp
diffuse

α=1.0

• Symbols in insert are determined 
by the real space cutoff 
procedure [1].

• Fx
WC matches that of TPSS 

meta-GGA [2] for the slowly 
varying limit well.

[1] Perdew, Burke, and Wang, PRB 54, 16533
[2] Tao et al., PRL 91, 146401



Simple solids
• We tested the following 18 solids: Li, Na, K, Al, 

C, Si, SiC, Ge, GaAs, NaCl, NaF, LiCl, LiF, 
MgO, Ru, Rh, Pd, Ag.

• The new GGA is much better than other 
approximations.

8.07.63.69.912.9B0

1.650.830.291.301.74a0

PKZBTPSSWCPBELDA

Mean errors (%) of calculated equilibrium lattice 
Constants a0 and bulk moduli B0 at 0K.

TPSS and PKZB results: Staroverov, et al. PRB 69, 075102
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More accurate Exc
for Ferroelectrics

0.1120.10830.18840.0823uz(O3)

0.6120.61060.66150.5886uz(O1,2)

0.5380.53240.55320.5235uz(Ti)

0.0000.00000.00000.0000uz(Pb)
1.0711.0781.2391.046c/a
63.0963.4770.5460.37V0(Å3)
ExptWCPBELDA

0.0180.01840.02950.0150uz(O3)

0.5110.51160.51720.5092uz(O1,2)

0.4870.48830.48450.4901uz(Ti)
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89.8789.8689.6589.91β(º)
64.0464.0467.4761.59V0(Å3)
ExptWCPBELDA

P4mm PbTiO3

uz are given in terms of the lattice constants

• The new GGA is very accurate for the 
ground state structure of ferroelectrics.

• Vx
WC differs from Vx

PBE significantly
only in core regions.

• In bonding regions, the difference 
Vx

WC and Vx
PBE is much smaller.

R3m BaTiO3




